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Abstract 



Lie systems form a class of systems of first-order ordinary differential equations whose general solutions 
can be described in terms of certain finite families of particular solutions and a set of constants, by means 
of a particular type of mapping: the so-called superposition rule. Apart from this fundamental property, Lie 
systems enjoy many other geometrical features and they appear in multiple branches of Mathematics and 
Physics, which strongly motivates their study. These facts, together with the authors' recent findings in the 
theory of Lie systems, led to the redaction of this essay, which aims to describe such new achievements 
within a self-contained guide to the whole theory of Lie systems, their generalisations, and applications. 
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1. The theory of Lie systems 



1.1. Motivation and general scheme of the work. It is a little bit surprising that the theory of 
Lie systems 11153111541 11571 12241 . which studies a very specific class of systems of first-order 
ordinary differential equations, can be employed to investigate a large variety of topics J8] [12] 
l53l l55l l59l l98l 1 1441 12021 12121 . Indeed, although being a Lie system is rather more an exception 
than a rule 111281 . these equations frequently turn up in multiple branches of Mathematics and 
Physics. For instance, linear systems of first-order differential equations, Riccati equations |86|, 
and matrix Riccati equations 1103111 16lll 17|[T3"T | are Lie systems that very frequently appear in 
the literature |]62l |98] [IJ5] [141] |207l EI2J |234l . This obviously motivates the study of the theory of 
Lie systems as a means to investigate the properties of various remarkable differential equations 
and their corresponding applications. 

The research on Lie systems involves the analysis of multiple interesting geometric and al- 
gebraic problems. For example, the determination of the Lie systems defined in a fixed man- 
ifold is related to the existence of finite-dimensional Lie algebras of vector fields over such a 
manifold 11571 1210 1. Furthermore, the study of Lie systems leads to the investigation of folia- 
tions [35 1, generalised distributions 08], Lie group actions 01411 . finite-dimensional Lie algebras 
[40 157 210], etc. As a result of the analysis of the former themes, Lie systems provide meth- 
ods to study the integrability of systems of first-order differential equations ll40l . Control Theory 
[32 6Tl l79l[T87l . geometric phases |98l , certain problems in Quantum Mechanics [46 51], and 
other topics. Finally, it is remarkable that the theory of Lie systems has been investigated by 
means of different techniques and approaches, like Galois theory [[171 [19] or Differential Geom- 
etry 08J M H86] [220] . 

When applying Lie systems to study more general systems of differential equations than 
merely first-order ones (see for instance [34. 35]|52]|77]|202|), the interest of their analysis be- 
comes even more evident. For example, in the research on systems of second-order differential 
equations, which very frequently appear in Classical Mechanics, various relevant differential 
equations can be studied by means of Lie systems. Dissipative Milne-Pinney equations [45], 
Milne-Pinney equations [52], Caldirola-Kanai oscillators [54], i-dependent frequency harmonic 
oscillators [55], or second-order Riccati equations [48. 225 1, are just some examples of such sys- 
tems of second-order differential equations that have already been analysed successfully through 
Lie systems. 

The relevance of the above studies, along with the determination of new applications of Lie 
systems, is twofold. On one hand, they allow us to obtain novel results about interesting differ- 
ential equations. On the other hand, such examples may show us new features or generalisations 
of the notions appearing in the theory of Lie systems that were not previously determined. Let us 
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briefly provide a case in point. While studying second-order differential equations by means of 
Lie systems Il52ll53l 12021 . a new type of 'superposition-like' expression describing the general 
solution of certain systems of second-order differential equations appeared. These essays led to 
the definition of a possible superposition rule notion for such systems whose main properties 
are still under analysis [4-8 1 . In addition, these works carried out different approaches to analyse 
second-order differential equations: by means of the SODE Lie system notion [52| and through 
regular Lagrangians [54|. The relations between these approaches or even the existence of new 
approaches is still an open question that must be investigated in detail [48 1. 

Apart from the investigation of the above open problems, perhaps the most active field of 
research into Lie systems is concerned with the development of new generalisations of the Lie 
system and superposition rule notions. Quasi-Lie systems 041 [35l |42| . i-dependent superposi- 
tion rules [34], PDE Lie systems 138111721 . SODE Lie systems [52 1, partial superposition rules 
11381 11531 . quantum Lie systems [60], or stochastic Lie-Scheffers systems 111441 are just a few 
generalisations of such concepts that have been carried out in order to analyse non-Lie systems 
with techniques similar to those ones developed for analysing Lie systems. Indeed, the list of 
generalisations is much larger and even sometimes the superposition rule term has been used 
with different, non-equivalent, meanings H198II2151 . 

In view of the above and many other reasons, the theory of Lie systems, along with its multiple 
generalisations, can be regarded as a multidisciplinary active field of research which involves the 
use of techniques from diverse branches of Mathematics and Physics as well as their applications 
to Control Theory (25] M E2 US ED QJ9] E3 I2L21 . Physics EE El E3 1234), and many 
other fields ED. 

Our work starts by surveying briefly the historical development of the theory of Lie systems 
and several of their generalisations. In this way, we aim to provide a general overview of the 
subject, the main authors, trends, and the principal works dedicated to describing most of the 
results about this theme. Special attention has been paid to provide a complete bibliography, 
which contains numerous references that cannot be easily found elsewhere. Furthermore, we 
have detailed a full report containing the works published by the main contributors to the theory 
of Lie systems: Lie El-ins), Vessiot (223-11223, Winternitz (8] E El Ell [K)5] [173] EU 
[2331 [2341 [2351 [2361 . Ibragimov ifHOl - lfHBI . etc. Additionally, we presented the main contents of 
some works which have been written in other languages than English, e.g. 11153 222 2231 12251 . 

After our brief approach to the history of Lie systems, the fundamental notions of this theory 
and other related topics are presented. More specifically, along with a recently developed differ- 
ential geometric approach to the investigation of Lie systems [38], results about the application 
of Lie systems to investigate Quantum Mechanics, partial differential equations (PDEs), systems 
of second- and higher-order differential equations are discussed. This, together with the previous 
historical introduction, furnishes a self-contained presentation of the topic which can be used 
both as an introduction to the subject and as a reference guide to Lie systems. 

Later on, in Chapter 2, our survey focuses on detailing the achievements obtained by the 
authors who described a method to analyse second-order differential equations. Chapter 3 is 
concerned with various applications of Lie systems in Quantum Mechanics. Subsequently, we 
describe a theory of integrability of Lie systems in Chapter 4. This theory is employed to inves- 
tigate some systems of differential equations appearing in Classical Mechanics in Chapter 5 and 
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various Schrodinger equations in Chapter 6. Finally, Chapters 7 and 8 describe the theory and ap- 
plications of a new powerful technique, the quasi-Lie schemes, developed to apply the methods 
for studying Lie systems to a much larger set of systems of differential equations. In the same 
way as Lie systems, this method can straightforwardly be applied to the setting of second- and 
higher-order differential equations and Quantum Mechanics. Finally, diverse applications of this 
technique are performed in Chapter 8. 

1.2. Historical introduction. It seems that Abel dealt with the superposition rule concept for 
the first time, while analysing the linearisation of nonlinear operators 01281 . Apart from this very 
early treatment of one of the notions studied within the theory of Lie systems, the fundamentals of 
this theory were laid down during the end of the XIX century by the Norwegian mathematician 
Sophus Lie lfl53l [1541 [1551 [1571 and the French one Ernest Vessiot 1122211 - 112281 . Indeed, Lie 
systems are also frequently referred to as Lie-Vessiot systems in honour to their contributions. 

The first study focused on analysing differential equations admitting a superposition rule 
was carried out by Konigsberger 01371 in 1883. In his work, he proved that the only first-order 
ordinary differential equations on the real line admitting a superposition rule that depends alge- 
braically on the particular solutions are (up to a diffeomorphism) Riccati equations, linear and 
homogeneous linear differential equations. Later on, in 1885, Lie proposed a special class of sys- 
tems of first-order ordinary differential equations fll 53 J pg. 128] whose general solutions can be 
worked out of certain finite families of particular solutions and sets of constants lfT8"l 122011 . 

Despite the above mentioned achievements, these pioneering works did not draw too much 
attention. Nevertheless, the situation changed from 1893. At that time, Vessiot and Guldberg 
proved, separately, a slightly more general form of Konigsberger's main result. They demon- 
strated that (up to a diffeomorphism) Riccati equations and linear differential equations are the 
only differential equations over the real line admitting a superposition rule [ 108. 124. 128 222]. 
This result attracted Lie's attention 01541 . who claimed that their contribution is a simple conse- 
quence of his previous work [153]. More specifically, he stated that the systems which admit a 
superposition rule are those ones that he had defined in 1885 ifBl . In view of these criticisms, 
Lie did not recognise the value of Vessiot and Guldberg's discovery II 1 281 . Nevertheless, some 
credit to them must be given, as the theory of Lie does not easily lead to the case provided by 
Vessiot and Guldberg lfT28l . 

Lie's remarks gave rise to one of the most important results about the theory of Lie systems: 
the today called Lie Theorem [157, Theorem 44]. This theorem characterises systems of first- 
order ordinary differential equations admitting a superposition rule. In addition, it provides some 
information on the form of such a superposition rule. In 111571 . Lie and Scheffers presented the 
first detailed discussion about Lie systems. In recognition of this work, some authors also call 
Lie-Scheffers systems to Lie systems. 

In spite of this important success, Lie Theorem, as stated by Lie, contains some small gaps 
in its proof as well as a slight lack of rigour about the definition of superposition rule. This was 
noticed and fixed at the beginning of the XXI century by Carinena, Grabowski, Marmo, Blazquez, 
and Morales US [33. 

After Lie's reply, Vessiot recognised the importance of Lie's work and proposed to call Lie 
systems those systems of first-order ordinary differential equations admitting a superposition rule 
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1122.411 . Apart from this first 'trivial result', Vessiot furnished many new contributions to the theory 
of Lie systems [223, 224 , 226, 228 1 and he proposed various generalisations [225 , 227, 228 1. For 
instance, he showed that a superposition-like expression can be used to analyse particular types 
of second-order Riccati equations 02251 . More specifically, he proved that some of these equa- 
tions admit their general solutions to be worked out of families of four particular solutions, their 
derivatives, and two real constants. As far as we know, this constitutes the first result concerning 
the study of superposition rules for nonlinear second-order differential equations. 

After a beginning in which a deep study of superposition rules and Lie systems was carried 
out [108] ESS EH Q35] EH] E21 ESI ESS ESS EH) , the topic was almost forgotten for nearly 
a century. Just few works were devoted to the study of superposition rules [76 80l l8Tll82l 11491 
11971 . During the seventies, nevertheless, the interest on the topic revived and many authors fo- 
cused again on investigating Lie systems, their generalisations, and applications to Mathematics, 
Physics and Control Theory 1127111301 11751 . Among the reasons that motivated that rebirth of the 
theory of Lie systems, we can emphasise the importance of the works of Winternitz and Brocket. 
On one hand, Brocket analysed the interest of Lie systems in Control Theory [25 ,26 1, what ini- 
tiated a research field that continues until the present |02 EH EU EH EH] [185] [187] l20T1l2T2l . 
On the other hand, Winternitz and his collaborators made a huge contribution to the theory of Lie 
systems and their applications to Physics, Mathematics and Control Theory [8 9 T31 IT4] IT5l I2T1 
fTT2lfTT4lfT^l2l4ll236l . 

In view of its important contributions, let us discuss in slight detail some of Winternitz's 
results. Using diverse results derived by Lie I1156J 11571 . Winternitz and his collaborators devel- 
oped and applied a method to derive superposition rules [202 209, 2 1 1 . They also studied the 
problem of classification of Lie systems through transitive primitive Lie algebras 02101 . a concept 
that also appeared in some of his works about the integrability of Lie systems [EH E3 - Winternitz 
also paid attention to the analysis of discrete problems and numerical approximations of solutions 
by means of superposition rules 01791 188, 202 219 1 and, finally, he, and his collaborators, de- 
veloped a new generalisation of the superposition rule notion, the so-called super-superposition 
rule, in order to study the general solutions of various types of superequations lTT2l[T3l . 

Besides their theoretical achievements, Winternitz et al. applied their methods to the analysis 
of multiple discrete and differential equations with applications to Mathematics, Physics and 
Control Theory. For instance, many superposition rules were derived for Matrix Riccati equations 
[8] E2] EH] E21 ESS EI3, which play an important role in Control Theory, as well as for 
diverse Lie systems, like projective Riccati equations lETl . various superequations lfT2] [T3l . or 
others ll9l [T4l[T5ll99llll4l . Finally, it is also worth mentioning Winternitz's research on Milne- 
Pinney equations [ 202 1, which represents one of the first papers devoted to analysing second- 
order differential equations through Lie systems. 

Currently, many researches investigate the theory of Lie systems and other closely related 
topics. Let us merely point out here some of them along with some of their works: Blazquez and 
Morales (17] US [HI, Carinena JH E3 EE Clemente (ED, Grabowski E3ESE2, Ibragimov 
Cm El] Em DSD, de Lucas El E3 E2, Lazaro-Carm and Ortega Ell, Marmo E] ES 
[391 . Odzijewicz and Grundland |[T72l . Ramos (40] [59] [62), Ranada J43] [52] E2 E3 and Nasarre 
ll57ll58ll . As a result of their contributions, multiple interesting results about the fundamentals, 
applications, and generalisations of the theory of Lie systems were furnished. 
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Among the above works, it is interesting to describe briefly the content of l34l [371 [38l . The 
book [37 1 presents an instructive geometric introduction to the basic topics of the theory of Lie 
systems. The second one |38| provides multiple relevant contributions to the comprehension of 
the theory of Lie systems. First, it fixes a remarkable gap in the proof of Lie Theorem. Addition- 
ally, this work establishes that the superposition rule concept amounts to a certain type of flat 
connection, what substantially clarifies its properties. The furnished demonstration of Lie The- 
orem shows that the Lie system notion can be naturally extended to the case of PDEs. Finally, 
this work led, more or less indirectly, to the characterisation of families of systems of first-order 
differential equations admitting a f-dependent superposition rule 11351 and the definition of the 
mixed and partial superposition rule notions [38. 52]. Finally, we can mention the usefulness of 
the Lie scheme concept provided in [ 34 1 , which enables us to generalise the Lie system notion and 
leads to the discovery of new properties for multiple systems of differential equations, including 
non-Lie systems, appearing in Physics and Mathematics Il3^1l42ll45ll48ll56l . 

Let us now turn to discuss some of the authors' contributions that gave rise to the redaction 
of this work. On one hand, Carinena and his collaborators investigated the integrability of Lie 
systems [40 43 , 47 50, 54 63 1, a generalisation of the Wei-Norman method devoted to the study 
of Lie systems [57], the application of Lie systems techniques to analyse systems of second-order 
differential equations [48 49] [52] [53], and other topics like the analysis of certain Schrodinger 
equations l46l IBTl [59). In this way, they provided a continuation of diverse previous articles 
dedicated to some of these themes 1771 11721 12021 1225 II and they opened several research lines 
ED- 

Besides the above contributions, Carinena and his collaborators also developed numerous 
applications of Lie systems to Classical Physics (39][43[44l|43[52[53[52[53[62^ Quantum 
Mechanics Eg] [51] [III El, Financial Mathematics ED, and Control Theory ||60]l6TI . 

Apart from the aforementioned generalisations of the Lie system notion that are related to 
other works appearing in the literature flTJ I172J j202. 225], a new approach to the generalisation 
of the Lie system and superposition rule notions was carried out by Carinena, Grabowski and 
de Lucas: the theory of quasi-Lie schemes [34|. One one hand, this approach provides us with 
a method to transform differential equations of a certain type into equations of the same type, 
e.g. Abel equations into Abel equations 11561 . This can also be used to transform differential 
equations into Lie systems ll34l . what leads to the quasi-Lie system notion. Such systems inherit 
some properties from Lie systems and, for instance, they admit superposition rules showing an 
explicit dependence on the independent variable of the system l34ll48l . 

Quasi-Lie schemes admit multiple applications, they can be used not only to analyse the 
properties of Lie and quasi-Lie systems but also to investigate many other systems, e.g. nonlinear 
oscillators [34], Emden-Fowler equations [42 1, Mathews-Lakshmanan oscillators [34|, dissipa- 
tive and non-dissipative Milne-Pinney equations [45 1, and Abel equations [ 56 1 among others. As 
a consequence, various results about the integrability properties of such equations have been ob- 
tained and many others are being analysed at present. Furthermore, the appearance of i-dependent 
superposition rules led to the examination of the so-called Lie families, which cover, as particular 
cases, Lie systems and quasi-Lie schemes. Additionally, they can be used to analyse the exact 
solutions of very general families of differential equations [35 1. 

As a result of all the above mentioned achievements, there exists today a vast collection of 
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methods and procedures to analyse Lie systems from different points of view. All these tools can 
be used to provide interesting results in Mathematics, Physics, Control Theory, and other fields. 
At the same time, these applications motivate the development of new techniques, generalisa- 
tions, and applications of this theory, that presents multiple and interesting topics to be further 
investigated. 

1.3. Fundamental notions about Lie systems and superposition rules. Our main purpose in 
this section is to review the basic notions and the fundamental results concerning the theory of 
Lie systems to be employed and analysed throughout our essay. Here, as well as in major part of 
our essay, we mostly restrict ourselves to analysing differential equations on vector spaces and we 
assume mathematical objects, e.g. flows of vector fields, to be smooth, real, and globally defined. 
This will allow us to highlight the key points of our exposition by omitting several irrelevant tech- 
nical aspects that can be detailed easily from our presentation. Despite this, numerous differential 
equations over manifolds and diverse technical points will be presented when relevant. 

Definition 1.1. Given the projections n : (x,v) £ TR" x £ R™ and n 2 : (t,x) £ 
R x R™ i-> x £ R", a i-dependent vector field X on R" is a map X : (i, x) £ R x R" i-> 
X(t, x) £ TR™ such that the diagram 




is commutative, i.e. ir o X = tt2- 

In view of the above definition, it follows that X(t, x) £ 7r _1 (a;) = T^R™ and hence X t : 
x £ R™ i—)- X t {x) = X(t, x) £ TR™ is a vector field over R™ for every t £ R. From here, it is 
immediate that each t-dependent vector field X is equivalent to a family {X t }t£M of vector fields 
over R™. 

The i-dependent vector field concept includes, as a particular instance, the standard vector 
field notion. Indeed, every vector field Y over R™ can be naturally regarded as a i-dependent 
vector field X of the form X t = Y for every t € R. Conversely, a 'constant' i-dependent vector 
field X over R", i.e. X t — X t > for every t, t' £ R, can be considered as a vector field Y = Xq 
over this space. 

As vector fields, i-dependent vector fields also admit local integral curves, see [29 1 . For each 
i-dependent vector field X over R™, this gives rise to defining its generalised flow g x , i.e. the 
map g x ; I X 1" -> 1" such that g x {t,x) = g x {x) = ^ x {t) with j x (t) being the unique 
integral curve of X such that j x (0) = x. 

Definition 1.2. A i-dependent vector field X over R™ is said to be projectable under a projec- 
tion p : R" — > R™ if every X t is projectable, as a usual vector field, under such a map. 

The usage of i-dependent vector fields is fundamental in the theory of Lie systems. They 
provide us with a geometrical object which contains all necessary information to study systems 
of first-order differential equations. Let us start by showing how systems of first-order differential 
equations are described by means of i-dependent vector fields. 
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Definition 1.3. Given a t-dependent vector field 

n d 

X(t,x) = Y,X 1 (t,x) — , (1.1) 

i=X 

over R", its associated system is the system of first-order differential equations determining its 
integral curves, namely, 

— =X\t,x), i = l,...,n. (1.2) 

Note that there exists a one-to-one correspondence between i-dependent vector fields and 
systems of first-order differential equations of the form dl .21 . That is, every ^-dependent vector 
field has an associated system of first-order differential equations and each system of this type, in 
turn, determines the integral curves of a unique i-dependent vector field. Taking this into account, 
we can hereby use X to refer to both a ^-dependent vector field and the system of equations 
describing its integral curves. This simplifies our exposition and it does not lead to confusion as 
the difference of meaning is clearly noticed from the context. 

The following definition and lemma, whose proof is straightforward and it shall not be de- 
tailed, notably simplify the statements and proofs of various results about the theory of Lie sys- 
tems. 

Definition 1.4. Given a (possibly infinite) family A of vector fields on R™, we denote by 
Lie(^4) the smallest Lie algebra V of vector fields on R™ containing A. 

LEMMA 1 .5 . Given a family of vector fields A, the linear space IAe(A) is spanned by the vector 
fields 

A, [A, A], [A, [A, A]], [A, [A, [A, A]]],... 

where [A, B] denotes the set of vector fields obtained through the Lie brackets between elements 
of the families of vector fields A and B. 

Throughout this work two different notions of linear independence are used frequently. In 
order to state a clear meaning of each, we provide the following definition. 

Definition 1.6. Let us denote by £(R") the space of vector fields over R ra . We say that the 
vector fields, Xx , . . . , X r , on 1" are linearly independent over R if they are linearly independent 
as elements of X(R") when considered as a R— vector space, i.e. whenever 

r 

^aX a = 

Q = l 

for certain constants, Ai, . . . , A r , then Ai = . . . = X r = 0. On the other hand, the vector fields, 
Xi , . . . , X r , are said to be linearly independent at a generic point if they are linearly independent 
as elements of X(R") when regarded as a C 00 (R™)— module. That is, if one has 

r 

^Xa - 

a=l 

over any open set of R" for certain functions fx, ■ . ■ ,f r € C°°(R"), then fx = ■ . ■ = f r = 0. 

In this essay, we frequently deal with linear spaces of the form R"( m+1 ). Such spaces are 
always considered as a product R™x ™+i-timcs x jg^ Each point of R"( m+1 ) is denoted by 
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(x(o)j • • • )2i(m))> where xr^ stands for a point of the j-th copy of the manifold R" within 

jjir»(m+i) i 

Associated with ]R n ( m + 1 ), there exists a group of permutations S m +i whose elements, Sij, 
with i < j = 0, 1, . . . , m, act on R ra ( m+1 ) by permutating the variables xu\ and X(j\. Finally, let 
us define the projections 

pr : (x (0) , . . .,x {m) ) G R" (m+1) (a; (1) , . . . ,x [m) ) G R" m (1.3) 

and 

pr : (z (0) , . . . ,x (m) ) G R"( m+1 ) ^ x {0} G R", (1.4) 

to be employed in various parts of our work. 

Once the fundamental definitions and assumptions to be used hereafter have been established, 
we proceed to introduce the notion of superposition rule, which plays a central role in the study 
of Lie systems. 

For each system of first-order ordinary homogeneous linear differential equations on R n of 
the form 

^ = E4(*V' * = !.•..,», (1-5) 

where (i), with i, j = 1, . . . , n, is a family of i-dependent functions, its general solution, y(t), 
can be written as a linear combination of the form 

n 

y(t) = J2 k mi)( t )> (I- 6 ) 

with, 2/(1) (f ), . . . , j/( n ) (t), being a family of n generic (linearly independent) particular solutions, 
and, ki , . . . , k n , being a set of constants. The above expression is called linear superposition rule 
for system (11.5b . 

Linear superposition rules allow us to reduce the search for the general solution of a linear 
system to the determination of a finite set of particular solutions. This property is not exclusive 
for homogeneous linear systems. Indeed, for each linear system 

j i n 

-j-=Y^A){t)y> +B\t), i = l,...,n, (1.7) 

i=i 

where (t), B l (t), with i, j = 1, . . . , n, are a family of ^-dependent functions, its general solu- 
tion, y(t), can be written as a linear combination of the form 

n 

y(t) = J2 k MM t )-y(o)(t)) + y(o)(t), (i.s) 

with, yrm (t), . . . , J/( n )(t), being a family of n + 1 particular solutions such that yy) (t) — yr \(t), 
with j = 1, . . . , n, are linearly independent solutions of the homogeneous problem associated 
with (11.7b . and, ki, . . . ,k n , being a set of constants. 

In a more general way, system (11.5b becomes (generally) a nonlinear system 

— =X 4 (i,x), » = l,...,n, (1.9) 
at 
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through a diffeomorphism cp : K n 9 y H> x = <f(y) G R n . In view of the linear superposition 
rule (11.61 >. the above system admits its general solution, x(t), to be described in terms of a family 
of certain particular solutions, xm (t), . . . , X( m ) (t), as 




x(t) = V y^kjip {x (j) {t)) 



This clearly shows that there exist many systems of first-order differential equations whose gen- 
eral solutions can be described, nonlinearly, in terms of certain families of particular solutions and 
sets of constants. A relevant family of different equations admitting such a property are Riccati 
equations ll|Ml[inil[Il2l[nQl[IMl2ll of the form 

^ = b 1 (t) + b 2 (t)x + b 3 {t)x 2 1 (1.10) 
at 

with a; gRe K.U{oo}. More specifically, for each of such Riccati equations, its general solution, 
x(t), can be cast into the form 

= giftXgaft) ~ x 2 {t)) - kx 2 (t)(x 3 (t) - Xl (t)) 
[ ' (x 3 (t) - x 2 (t)) - k(x 3 (t) - Xl (t)) ' { ■ > 

where, x\(t), x 2 (t), x 3 (t), are three particular solutions of the equation and k <G R. 

It is worth noting that, given a fixed family of three different particular solutions with initial 
conditions within M, if we only choose k in R, the above expression does not recover the whole 
general solution of the Riccati equation, as x 2 (t) cannot be recovered. 

The above examples show the existence of a certain type of expression, the so-called global 
superposition rule, which enables us to express the general solution of certain systems of first- 
order ordinary differential equations in terms of certain families of particular solutions and a set 
of constants. Let us state a rigorous definition of this notion for systems of differential equations 
in M" . 

Definition 1.7. The system of first-order ordinary differential equations 

dx l 

— =X*(t,x), i = l,...,n, (1.12) 

is said to admit a global superposition rule if there exists a t-independent map $ : (K") m x M" — > 
K" of the form 

x = ®( x (i)> ■ ■ ■,x( m );k 1 , ■ • • , k n ), (1.13) 
such that its general solution, x(t), can be written as 

x(t) = $(a; (1) (t),...,a; (m) (t);fci,...,fc„), (1.14) 

with, .T( X ) (t), . . . , Z( m ) (t), being any generic family of particular solutions of system (11.12b and, 
ki, . . . ,k n , being a set of n constants to be related to initial conditions. 

In order to grasp the meaning of the above definition, it is necessary to understand the sense 
in which the term 'generic' is used in the above statement. Precisely speaking, it is said that 
expression d 1.141 is valid for any generic family of m particular solutions if there exists an open 
dense subset U C (R") m such that expression (11.14b is satisfied for every set of particular 
solutions . . . , x m (t), such that (xi(0), . . . , x m (0)) lies in U. 
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Let us now show that the aforementioned examples admit a global superposition rule. Con- 
sider the function $ : (R")« x R™ -> R™ of the form 

n 

$(x (1) ,...,x ( „);fci,...,fc„) =^2kjX(j). (1.15) 

i=i 

This mapping is a superposition rule for system (11.5) . Indeed, note that for each set of particular 
solutions :cn) (t), . . . , £( m )(i), of (II. 5ft such that the point (xm (0), . . . , X( m )(0)) belongs to the 
open dense subset 



U={ (x (lh ...,x (n) )e(R n ) n 



( 



det 



(i) 



"(«) 



of (R™)", the general solution x(t) of ( 11.5b can be written in the form (11.61 1. Likewise, a super- 
position rule can be now proved to exist for the systems (11.9) obtained from (11.5) by means of a 
diffeomorphism. 

The function $ : (R n ) n+1 x R" R" of the form 

n 

$(x( 0) , . . .,X( n y,ki, ...,k n )=} j k j( x (j) - x (o)) + X(q), (1-16) 

j'=i 

is a superposition function for the system (11.7) . In fact, note that for each set of particular solu- 
tions, xtQ) (t), . . . , xt n )(t), of ( 11.7) such that the point (x/q) (0), . . . , xt n ) (0)) belongs to the open 
dense subset 



U=l (x {0) ,...,x M ) € (R") 



n\n+l 



/ 



det 



x \i) x (o) 



(0) 



X (n) X (0) 



of (R™) n+1 , the general solution x(t) of (11.7) can be put in the form (11.8) . 

Finally, let us analyse the case of Riccati equations in R. This example differs a little from 
previous ones, as it concerns a differential equation defined in the manifold R ~ S 1 . Neverthe- 
less, the generalisation of Definition 1 1.7 1 to manifolds is obvious. It is only necessary to replace 



i n by a manifold N. In view of this, the map $ 



. of the form 



®(x{i),X{2),X{$);k) 



x (l)( x (3) - X(2)) - kX(2)(X(3) ~ 



(1.17) 



0(3) - x (2)) - H x (3) -»(1)) 

is a global superposition rule for Riccati equations in R. To verify this, it is sufficient to note that 
given one of these equations with three particular solutions, X(^(t), X( 2 )(t), x^(t), such that 
(aj (1) (0),z (2) (0),x (3) (0)) G U, where 



U = j(x (1) ,X( 2 ),x (3) ) G 



x (i) ^ x (2), x (i) ^ x (3) and x (2) 7^ x (3) , 



its general solution can be cast into the form (11.11) . 

The aforementioned superposition rules illustrate that for each permutation of their argu- 
ments, • ■ • , xi m \, e.g. an interchange of the arguments xu\ and xu\, one has, in general, 
that 



'(<)> 



"(j),---,Z( m) ;fc) 7^ $0(1), 
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Nevertheless, it can be proved (cf. [38 1) that there exists a map ip : k € R™ — > <f(k) £ R n such 
that 

, • • • , , • ■ • , X{ m ) ;k) = $(x(x),..., X(j) , . . . , x {i) , . . . , x (m ) ; (p{k)). 

It is interesting to note that, if we consider Riccati equations to be defined on the real line, 
a global superposition rule for such equations would be a map of the form $ : R m x R — > R. 
Obviously, expression ( 11.17b does not give rise to a global superposition of this form. Indeed, 
if we restrict (11.171 to M 3 x R, we will not be able to recover X( 2 ) (t) from a set of different 
particular solutions, xm (t), X{2) (t), 2(3) (t), for any k 6 R. Even more, the function (11.17b is not 
globally defined over R 3 x R. Nevertheless, such a function is what in the literature is known as 
a superposition rule for Riccati equations over the real line [ 108] 1 1571 12221 . 

In the literature, the superposition rule notion appears as a 'milder' version of aforemen- 
tioned global superposition rule concept. In other words, superposition rules admit almost the 
same properties as global superposition rules but, for instance, they may fail to recover cer- 
tain particular solutions. Although it is enough to bear in mind the above example for Riccati 
equations to understand fully the main difference between both notions, the precise definition 
of a local superposition rule is very technical (see lfj"8"l ) and it does not provide, in practice, a 
much deeper knowledge about Lie systems. That is why, as everywhere else in the literature 
IT371 [T08l [1241 [1251 [1531 [L57l 12221 l22"3l 12341 . we will assume hereafter superposition rules to 
recover general solutions and to be globally defined. This simplifies considerably our theoretical 
presentation and it highlights the main features of superposition rules and Lie systems. Despite 
these assumptions, a fully rigorous treatment can be easily carried out and some technical remarks 
will be discussed when relevant. 

A relevant question now arises: which systems of first-order ordinary differential equations 
admit a superposition rule? Several works have been devoted to investigating this question. Its 
analysis was accomplished by Konigsberger 1 1 37 1, Vessiot [222], and Guldberg 111081 . They 
proved that every system of first-order differential equations defined over the real line admit- 
ting a superposition rule is, up to a diffeomorphism, a Riccati equation or a first-order linear 
differential equation. 

Apart from these preliminary results, it was Lie [1153] I154J 11571 who established the con- 
ditions ensuring that a system of first-order differential equations of the form ( 11.12b admits a 
superposition rule. His result, the today named Lie Theorem, reads in modem geometric terms as 
follows. 

THEOREM 1.8. (Lie Theorem) A system of first-order ordinary differential equations ( 17.721 ) 
admits a superposition rule ( 17.7.31 ) if and only if its corresponding t-dependent vector field ( 17.71 ) 
can be cast into the form 

r 

X{t,x) = ^b a (t)X a {x), (1.18) 

a=l 

with, X\ , X r , being a family of vector fields over R™ spanning a r-dimensional real Lie 
algebra of vector fields V. 

Within the proof to his theorem 111571 Theorem 44], Lie also claimed that the dimension of 
the decomposition ( 11.18b and the number m of particular solutions for the superposition rule are 
related. More specifically, he proved that the existence of a superposition rule depending on m 
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particular solutions for a system (11.121 in K n implies that there exists a decomposition ( 11.18b 
associated with a Lie algebra V obeying the inequality dim V < m ■ n, the referred to as Lie 's 
condition. Conversely, given a decomposition of the form (11.18b . we can ensure the existence 
of a superposition rule for system (11.121 whose number of particular solutions obeys the same 
condition. 

Although Lie Theorem solves theoretically the problem of determining whether a system 
(1 1 . 1 2b admits a superposition rule, it does not provide a solution for many other questions con- 
cerning the study of superposition rules. Let us briefly comment on some of these queries. 

• From a practical point of view, it is not straightforward, solely in view of Lie Theorem, to 
prove that a system of first-order differential equations does not admit a superposition rule. 
Later on in this section, we will sketch a procedure to do so. 

• Lie Theorem says nothing about the possible existence of multiple superposition rules for 
the same system. What is more, it does not explain explicitly how to determine any of 
such superposition rules (although its proof [157. Theorem 4] furnishes some key hints). 
These questions are addressed later in this Chapter, where we review a recent geometrical 
approach to Lie systems developed in [38 1. 

• A system X(t, x) admitting a superposition rule may be written in the form (11. 18b in one 
or, sometimes, several different ways. Each one of these decompositions is related to a 
different finite-dimensional Lie algebra of vector fields V . Such Lie algebras are generally 
called the Vessiot-Guldberg Lie algebras associated with a system. Lie Theorem does not 
explain the possible relations amongst all possible Vessiot-Guldberg Lie algebras of a 
system (11.12b . In fact, only Lie's condition suggests that each different Vessiot-Guldberg 
Lie algebra may be related to different superposition rules . We will discuss these questions, 
in a more extensive way, later in this section and next. 

• Finally, it is worth noting that Lie Theorem cannot be used to characterise straightforwardly 
systems of first-order differential equations of the form F l (t, x, x) — 0, with i = 1, . . . ,n. 
Indeed, this is an open question of the research on Lie systems. 

The discovery of Lie Theorem 111571 in 1893 established definitively the Lie system notion, 
which, on the other hand, had already been suggested long time ago by Lie 111531 . and whose 
name was coined by Vessiot in [224 1 as a recognition to Lie's success in characterising systems 
admitting a superposition rule. The definition of this relevant notion goes as follows. 

Definition 1.9. A system of the form (11.12b is a Lie system if and only if its corresponding 
t-dependent vector field, namely (11.1b . admits a decomposition of the form ( 11.18b . 

In view of Lie Theorem, the above definition of Lie system can be rephrased by saying that a 
system ( 11.12b is a Lie system if and only if it admits a superposition rule. From here, it is obvious 
that the systems of first-order differential equations (11.5b . ( 11.7b and (11.10b . which admit the global 
superposition rules (11.15b . (11.16b and (11.17b . respectively, are Lie systems. Let us analyse in detail 
such examples. This brings us the opportunity to illustrate diverse characteristics of Lie systems 
and the Lie Theorem here and in forthcoming sections. 

Consider again the homogeneous linear system (11.5b . This system describes the integral 
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curves of the ^-dependent vector field 



X{t,x)=Y,A i j {t)xi— i , (1.19) 



which is a linear combination of vector fields of the form 



X(t,x)= Ai j(i) x n(x)i d- 20 ) 



of the n 2 vector fields 



Furthermore, one has that 



d 

XlJ ^ x3 ~dx 1 ' i,3 = l,---,n- (1-21) 



[Xij, Xi m ] — 5' m Xij — Sj Xi mi 

where 8) n is the Kronecker delta function, i.e. the vector fields (II. 21b close on a n 2 -dimensional 
Vessiot-Guldberg Lie algebra isomorphic to the Lie algebra gl(n, R), see ll62ll . 

In view of decomposition ( ll.20l i. each system ( 11.5b is a Lie system. This is not a surprise, as 
each system ( 11.5b admits the superposition rule (I1.15l l and Lie Theorem states that every system 
admitting a superposition rule must be a Lie system. Moreover, in view of Lie's condition, since 
homogeneous linear systems in R" admit a superposition rule depending on n particular solu- 
tions, their associated i-dependent vector fields must take values in some Lie algebra of dimension 
lower or equal to n 2 . Indeed, note that decomposition ( 11.201 ) shows that X(t, x) takes values in a 
Lie algebra isomorphic to gl(n, R), what clearly obeys the Lie's condition corresponding to the 
superposition rule (II. 15b . 

Note that we have italicised the last 'some' in the paragraph above. We did it because we 
wanted to stress that a Lie system can take values in different Lie algebras, some of which do not 
need to satisfy the same Lie's condition. This will become more clear with the next example. 

Let us now turn to analyse an inhomogeneous system of the form ( 11.71 ). This system describes 
the integral curves of the f-dependent vector field 

n I n \ „ 

x(t, X ) = j2 £ A %(*)* i+si (*)bM' (L22) 



j=i v=i 

which is a linear combination with f-dependent coefficients, 



of the vector fields J1.2U and 

X 4 = A, i=l,..., n . (1.24) 
The above vector fields satisfy the commutation relations 

[Xi,Xj]=0, i,j = l,...,n, [Xij,Xi] = -S h Xi , i,j,l = l,...,n. 

This shows that the vector fields (II. 21b and ( 11.24b span a Lie algebra of vector fields isomorphic 
to the (n 2 + n) -dimensional Lie algebra of the affine group [62 1. Then, in view of decomposition 
( 11.23b . systems ( 11.7b are Lie systems. 
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As systems (11.7b admit a superposition rule (11.161 depending on n + 1 particular solutions, 
Lie's condition implies that their i-dependent vector fields must take values in some Lie algebra 
of dimension lower or equal to n{n + 1). In fact, the above results easily show that this is the 
case. 

The previous example allows us to exemplify that a Lie system may admit multiple Vessiot- 
Guldberg Lie algebras. Recall that every homogeneous linear system ( II. 5t is related to a t- 
dependent vector field taking values in a Lie algebra isomorphic to g[(n,R). Additionally, as 
a particular instance of system ( I1.7K its f-dependent vector field also takes in the above defined 
n 2 + n-dimensional Lie algebra of vector fields. In other words, linear systems admit, at least, 
two non-isomorphic Vessiot-Guldberg Lie algebras. 

Now, we can illustrate how different superposition rules for the same system may be asso- 
ciated with multiple, non-isomorphic, Vessiot-Guldberg Lie algebras and lead to distinct Lie's 
conditions. We showed that linear systems admit a linear superposition rule which leads, in view 
of Lie's condition, to the existence of an associated Vessiot-Guldberg Lie algebra of dimension 
lower or equal to n 2 , which was determined. Nevertheless, the abovementioned second Vessiot- 
Guldberg Lie algebra for linear systems does not hold this condition. On the contrary, this second 
Vessiot-Guldberg Lie algebra shows that there must exist a second superposition rule, namely 
dl.8t , which, along with this Vessiot-Guldberg Lie algebra, satisfies a new Lie's condition. 

To sum up, Lie Theorem implies that a system admitting a superposition rule is related to 
the existence of, at least, one Vessiot-Guldberg Lie algebra satisfying the Lie's condition relative 
to this superposition. Nevertheless, the system can possess more Vessiot-Guldberg Lie algebras, 
some of which do not need to obey the Lie's condition for the assumed superposition rule. In that 
case, the other Vessiot-Guldberg Lie algebras are related to other superposition rules for which, 
a new Lie's condition is satisfied. 

In order to detail the last of the most usual examples of Lie systems admitting a superposi- 
tion rule, we now consider Riccati equations (ll.lOl i. These differential equations determine the 
integral curves of the i-dependent vector field on R of the form 

X(t, x) = (bi(t) + b 2 (t)x + bz{t)x 2 )^- . (1.25) 

As Riccati equations admit a global superposition rule, they must satisfy the assumptions detailed 
in Lie Theorem. Indeed, note that X is a linear combination with t-dependent coefficients of the 
three vector fields 

r\ r\ r\ 

ox ox ox 

which close on a three-dimensional Lie algebra with defining relations 

[X U X 2 ]=X 1 , [X 1 ,X 3 ] = 2X 2 , [X 2 ,X 3 ]=X 3 . (1.27) 

Thus, as it was expected, Riccati equations obey the conditions given by Lie to admit a super- 
position rule. Moreover, Riccati equations are associated with a Vessiot-Guldberg Lie algebra 
isomorphic to sl(2, R). Since this Lie algebra is three dimensional and Riccati equations admit 
a superposition rule depending on three particular solutions, it is immediate that the equations 
(II. lOt satisfy the corresponding Lie's condition. 

The existence of different Vessiot-Guldberg Lie algebras for a system of first-order ordinary 
differential equations is an important question because their characteristics determine, among 
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other features, the integrability by quadratures of Lie systems ||3TI . 

Let us now turn our attention to determine when a system (11.12b is not a Lie system. In order 
to analyse this question, it becomes useful to rewrite Lie Theorem in the following, abbreviated, 
form. 

PROPOSITION 1.10. (Abbreviated Lie Theorem) A system X on W 1 is a Lie system if and only 
ifhie({Xt}t£R) is finite-dimensional. 

In view of the above result, determining that (11.121 is not a Lie system reduces to showing that 
Lie({X t } tS R) is infinite-dimensional. The standard procedure to prove this consists in demon- 
strating that there exists an infinite chain, {Zj}j^ of linearly independent vector fields over K 
obtained through successive Lie brackets of elements in {X t }t£R- In order to illustrate how this 
is usually made, consider the particular example based on the study of the Abel equation of the 
first-type 

^W+6(^ 3 , 6(t) ^ 0, 

where b(t) is additionally a non-constant function. These equations describe the integral curves 
of the ^-dependent vector field 

X t = (x 2 + b(t)x 3 )^. 

Consider the chain of vector fields 

Z 1= x 2 — , z 2 = x 3 — , Z j = [X 1 ,X j _ 1 ], j = 3,4,5,... 

Since Zj — x^ +1 d/dx, it turns out that Lie({X t } t £M) admits the infinite chain of linearly in- 
dependent vector fields {Zj}j G R and, in consequence, in view of the abbreviated Lie Theorem, 
Abel equations of the above type are not Lie systems. 

There are many other relevant Lie systems associated with important systems of differential 
equations appearing in the physical and mathematical literature. For instance, a non exhaustive 
brief list of these Lie systems includes 

1. Linear first-order systems and, more specifically, Euler- systems ll62ll98l . 

2. Riccati equations [47, 222, 234 1 and coupled Riccati equations of projective type |6|. 

3 . Matrix Riccati equations EE] \Ull EU [188] EG] HH • 

4. Bernoulli equations, several equations appearing in supermechanics fl3l . etc. 

Apart from the above instances, there are other important systems of differential equations 
which can be studied through other Lie systems. Several of such Lie systems will be detailed 
throughout next sections. 

The determination of the general solution of any Lie system reduces to deriving a particular 
solution of a particular type of Lie system defined in a Lie group. Let us analyse in detail this 
claim. 

Consider a Lie system related to a i-dependent vector field ( 11.18b over M. n and associated, for 
simplicity, with a Vessiot-Guldberg Lie algebra V made up of complete vector fields. This gives 
rise to a Lie group action $:Gx M" — > M" whose fundamental vector fields are exactly those 
of V. Obviously, this implies that the Lie algebra g ~ T e G is isomorphic to V. Choose now a 
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basis {ai, . . . , a r } of g such that $ : G x R™ — > W 1 and 

$(exp(-sa a ),a;) = g^(x), a=l,...,r, set, (1.28) 

where g( Q ) : (s, x) € R x R" i-> ff( a >(s,a;) = 9^ {x) € R" is the flow of the vector field X a . 
In this way, each vector field X a becomes the fundamental vector field corresponding to a Q and 
the map <fi : g — > V such that (f>(& a ) = X a for a — 1, . . . , r, is a Lie algebra isomorphism. 

Let be the right-invariant vector field on G with (X„ ) e = a Q , i.e. = i? g » e a Q , 

where i? g : g' € G i-> g'g € G is the right action of G on itself. Then, the i-dependent right- 
invariant vector field 

r 

X G (t,g) = ~Y, b ^ X «^> (1-29) 

Q = l 

defines a Lie system on G whose integral curves are the solutions of the system on G given by 

§ = -J>(*)*a(ff)- (L30) 
a— 1 

Applying R g -i* g to both sides of the equation, we see that its general solution, g(t), satisfies that 

r 

^ff- 1 (*)*S(*)S'(*) = ~ E & "W a " 6 T e G ' (1-31) 
a=l 

Note that right-invariance implies that the knowledge of one particular solution of the above 
equation, e.g. the particular one go(t), with go(0) — go, is enough to obtain the general solution 
of the equation ( 11.311 1. Indeed, consider g'(t) = Rggo(t) for a given g E G. Such a curve obeys 
that 

%(t) = *W) (^r(*)) = ^.*W f- E M*)*?G»>(*)) 

Taking into account that Rg^ go X^(go) = X^(gog), one has that 

Q— 1 Q— 1 

and <?'(t) is another particular solution of (11.291 with initial condition g'(0) = Rggo- In conse- 
quence, the general solution g(t) for equation (11.31b can be written as 

g(t) = R g g Q (t), g € G. 

That is, system ( 11.29b admits a superposition rule and, according to Lie Theorem, it must be 
a Lie system. This is not surprising, as the vector fields X^ span a Lie algebra of vector fields 
isomorphic to V and, in consequence, system (11.30b describes the integral curves of a i-dependent 
vector field taking values in a finite-dimensional Lie algebra of vector fields. 

The relevance of the Lie system (11.31b relies on the fact that the integral curves of the t- 
dependent vector field X(t, x) can be obtained from one particular solution of equation (11.31b . 
More explicitly, the general solution x(t) of the Lie system X(t, x) reads x{t) = $(g e (t), xq), 
where xo is the initial condition of the particular solution and g e (t) is the particular solution of 
equation (11.31b with g e (0) = e. 

Note that, in view of Ado's Theorem (O, every finite-dimensional Lie algebra, e.g. the above 
Vessiot-Guldberg Lie algebra V, admits an isomorphic matrix Lie algebra. Related to this matrix 



Lie systems: theory, generalisations, and applications 



17 



Lie algebra, there exists a matrix Lie group G. In this way, the system describing the ^-dependent 
vector field ( 11.181 1 reduces to solving an equation of the form 

r r 

A^A-^t) = -J2 b a (t)M a => A = - b a (t)M a A, 

a—l a—1 

with A(t) being a curve taking values in the matrix Lie group G and, M\, . . . ,M r , being a 
basis closing the same structure constants as the elements, X±, . . . ,X r . Obviously, the above 
equation becomes a homogeneous linear differential equation in the coefficients of the matrix 
A. Consequently, determining the general solution of a Lie system reduces to solving a linear 
problem. 

Although the above process was described for Lie systems associated with Vessiot-Guldberg 
Lie algebras of complete vector fields, it can be proved that a similar process, with almost identi- 
cal final results, can be applied to any Lie system X(t, x). Indeed, this can be done by taking the 
compactification of R" in order to make all vector fields complete (as in the case of the Riccati 
equation) or just by considering that the induced action is just a local one. 

A generalisation of the method ll57l used by Wei and Norman for linear systems 1231 12321 
is very useful for solving equations (11. 3U . Furthermore, there exist reduction techniques that 
can also be used ll40l . Such techniques show, for instance, that Lie systems related to solvable 
Vessiot-Guldberg Lie algebras are integrable by quadratures (|40|, Section 8). Finally, as right- 
invariant vector fields A^ R project onto the fundamental vector fields in each homogeneous space 
for G, the solution of equation ( 11.311 1 enables us to find the general solution for the corresponding 
Lie system in each homogeneous space. Conversely, the knowledge of particular solutions of the 
associated system in a homogeneous space gives us a method for reducing the problem to the 
corresponding isotopy group [40 1. 

1.4. Geometric approach to superposition rules. Let us now turn to review the modern geo- 
metrical approach to the theory of Lie systems carried out in [ 38 1 . Although we here basically 
point out the results given in that work, several slight improvements have been included in our 
presentation. 

A fundamental notion in the geometrical description of Lie systems is the so-called diago- 
nal prolongation of a i-dependent vector field. Its definition and most important properties are 
described below. 

Definition 1.11. Given a i-dependent vector field over W 1 of the form 

™ d 
X(t,x (0) ) = ^X%x {0) ) — — , 

i=i ox (o) 

its diagonal prolongation to M. n ( m+1 > is the ^-dependent vector field over this latter space given 
by 

rn n q 

x(t,x (0) ,..., X{m) ) = J2J2 xl ^ x w ) 

a=0 i=l i a ) 

Recall that every vector field X over W 1 can be regarded as a i-dependent vector field in 
a natural way. Evidently, it is immediate that the above definition can also be applied to define 
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diagonal prolongations for vector fields over K n . Obviously, such diagonal prolongations turn 
out to be vector fields over M n ( m+1 ) as well. 

Note that diagonal prolongations can be redefined in an intrinsic, and equivalent, way as 
follows. 

Definition 1.12. Given a i-dependent vector field X over M.", its diagonal prolongation to 
M «(m+i) is the unique ^dependent vector field X over M»( m + 1 ) such that: 

• The i-dependent vector field X is invariant under the action of the symmetry group SVn+i 
over 

• The vector fields X t are projectable under the projection pro given by (11.41 ) and pi-Q^X t = 
X t . 

LEMMA 1.13. For every two vector fields X, Y £ X(R n ), it is immediate that [X, Y] — [X, Y]. 
In consequence, given a Lie algebra of vector fields V C X(R n ), the prolongations of its elements 
to R n ( m+1 ) span an isomorphic Lie algebra of vector fields. 

Proof. It is straightforward and it is left to the reader. ■ 

LEMMA 1.14. Consider a family, X\, . . . , X r , of vector fields over R™ satisfying that their di- 
agonal prolongations to M. nm are linearly independent at a generic point. Given the diagonal 
prolongations, X u ...,X r ,to M. n ( m+1 \ the vector field '£a=i b a X a , with b a £ C oc (M n(m+1) ), 
/s also a diagonal prolongation if and only if the coefficients, b\, . . . , b r , are constant. 

Proof. Let us write in local coordinates 



n „ 



what implies that 



Then, 



^^EE^w'feT' a=l,...,r. 

4=1 a=0 (a) 



r n m ^ 

a 



a=l a = l i=l a=0 ( a ) 

which is a diagonal prolongation if and only if there exist functions B 3 : x £ M™ i-> B 3 (x) £ M, 
with j = 1, . . . , n, such that for each pair of indexes j and a, 

r 

^2 & a0(o), ■ • ■ iX( m ))A l a {t,x (a) ) = B\x (a) ), a = Q,...,m, i = l,...,n. 

a=l 

In particular, the functions b a (x^ - ) , . . . , £( m )), with a = 1, . . . , r, solve the subsystem of linear 
equations in the variables, ut,...,u r , given by 

r 

y]u a A l a (x( a )) = B l (x M ), a = l,...,m, i = l,...,n. 

a=l 

The coefficient matrix of the above system of m • n equations with r unknowns has rank r < m-n 
since the pr i „(X Q ,) are linearly independent. Hence, the solutions, u\, . . . , u r , are completely 
determined in terms of the functions B l (x( a )), with a = 1, . . . , m, and i = 1, . . . , n, and do 
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not depend on X( Q y But since the prolongations are invariant under the action of the symmetry 
group S m +i, functions u a = 6 Q (x( ), • • ■ , xr m \), with a — 1, ... ,r, must satisfy this symmetry. 
Consequently, they cannot depend on the variables xru, . . . , X( m \, and therefore they must be 
constant. ■ 

LEMMA 1.15. For every family of vector fields, Xi, . . . , X r G X(R n ) linearly independent over 
R, there exists an integer m such that their prolongations to M. nm are linearly independent at a 
generic point. 

Proof. Denote by X q the diagonal prolongation to R™ 9 of X a and define a(q) to be the maxi- 
mum number of vector fields, among the family X q , linearly independent at a generic point of 
R nq . 

By reduction to the absurd, we assume that each family, Xf, . . . , X q , of diagonal prolonga- 
tions are linearly dependent at a generic point of R 9 ", in other words, 1 < a(q) < r for every q. 
Therefore, the function a(q) must admit a maximum p < r for a certain integer m, i.e. p = a(rh). 
We can assume, without loss of generality, that, X™ , . . . , X™ , are linearly independent at generic 
point of R" m . Moreover, the vector fields, X" l+l , . . . , X™ +1 , are also linearly independent at 
a generic point of R™( m+1 ) and, as a(fh) is a maximum, it must be a(fh + 1) = aim). In 
consequence, there exist p uniquely defined functions fi,---,f p & C°°(W l ( m+1 )) obeying the 
equation 

hX? +1 + ... + f p X™ +1 = X%+\ (1.32) 

This forces the left-hand side to be a diagonal prolongation. Additionally, since X™, . . . , X™, 
are linearly independent in a generic point, Lemma ( 11.141 applies and it turns out that, fi, - ■ ■ , f p , 
must be constant. Then, projecting the above expression by pr , it follows that, Xi, . . . , X p+ i, 
are linearly dependent over R. This violates our initial assumption and thereby we conclude that 
our initial premise, i.e. a(q) < r for every q, must be false and there must exist an integer m such 
that the diagonal prolongations of, X± . . . , X r , to R nm become linearly independent at a generic 
point, what proves our lemma. ■ 

The above lemma already contains the key point to prove the following result. 

LEMMA 1.16. Ifcr(q) < r, then <r(q) < a(q + 1). 

Proof. It is immediate that a{q) < a{q + 1). Now, by reduction to absurd, if we assume p = 
a(q) < r and a(q) = a{q + 1), one can pick up, among the X q , a family of p vector fields 
linearly independent at a generic point of R™ 9 . We can assume, with no loss of generality, that 
they are Xf, . . . , X q . Consequently, as in the above lemma, we can write 

f 1 xi +1 + ... + j p x^ = xiXl 

for certain uniquely defined functions fx, . . . , f r € C°°(R™^ m+1 ^). In a similar way to the proof 
of the former lemma, this yields that, X\, . . . , X p +i, are linearly dependent over R. This is in 
contradiction with our initial assumption. In consequence, if p < r, the vector field X^l is 
linearly independent at a generic point with respect to the previous vector fields and a(q + 1) > 
a(q). m 

Taking into account the above two lemmas, it follows trivially that a(q) grows monotonically 
until it reaches the maximum r. This gives rise to the following proposition. 
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PROPOSITION 1.17. For every family of vector fields X\,...,X r € X(R n ) linearly indepen- 
dent over R, there exists an integer m < r such that their prolongations to R nm are linearly 
independent at a generic point. 

The above proposition constitutes an explicit proof for vector fields over R n of the analog 
result for vector fields over manifolds pointed out in 11381 . Let us now turn to describe a geometric 
interpretation of the superposition rule notion. 

Consider a t-dependent vector field ( II . lb associated with the system 

dx i 

— =X*(t,x), » = l,...,n, (1.33) 

describing its integral curves. Recall that the above system admits a superposition rule if there 
exists a map $ : R"( m+1 ) — > R" of the form x — . . . , X( m y, k\, . . . , k n ) such that its 

general solution, x(t), can be written as 

x(t) = $(x ( i)(t), . . . ,X(m)(t); ki,...,k n ), 

with, xny(t), . . . , aj( m ) (t), being a generic family of particular solutions and fci, . . . , k n , a set of 
constants associated with each particular solution. 

The map <&(xn), . . . , xt m y, •) : 1" — > R™ can be inverted, at least locally around points of 
an open dense subset of R™ m , to give rise to a map : M™(" i + 1 ) — > R n , 

k = *(x (0 ), . . .,2E(m)), 

where we write x/q) instead of x and k = (k\, . . . , k n ) in order to simplify the notation. Note 
that the map ^ is defined so that 

k = *($(x ( i),...,a; ( „ l) ;fc),X(i),...,a;( m )). 

Hence, the map ^ defines an n-codimensional foliation on the manifold M™( m + 1 ). 
As the fundamental property of the map ^> states that 

k = ^{x {0) (t),...,x {m) (t)), (1.34) 

for any (m + l)-tuple of generic particular solutions of system (II. 33K the foliation determined 
by is invariant under permutations of its (m + 1) arguments, aj(o) , . . . , xt m ) . Moreover, when 
differentiating expression (11.341 with respect to the variable t, we get 

E Xj ^ Ha) (*))^3-(P(*)) = *t* k W)) = 0, k = 1, . . . , n, 

where (^J 1 , . . . , * n ) = and p(t) = (xr y{t), . . . , x/ m y[t)). Thus, the functions vp 1 , . . . , 
are first-integrals for the vector fields {X t }teR defining an n-codimensional foliation g over 
jjn(m+i) suc jj jjj^ ^ vec t or fields {X t } t £R are tangent to its leaves. 

The foliation g has another important property. Given a leaf gfc corresponding to the level set 
of W determined by k = {k\, . . . , k n ) 6 R n and a point (xm), . . . , xr m )) & R m ™, there exists a 
unique point (x( ), X(i), . . . , a; (m) ) € # fc , namely, 

($(x ( i),...,o;( m );A:),a;(i),...,X( m )) G 3fc. 

Consequently, the projection onto the last m ■ n factors, i.e. the map pr given by ( 11.3b . induces 
diffeomorphisms between R rml and each one of the leaves g^. In other words, the foliation g is 
horizontal with respect to the projection pr. 



Lie systems: theory, generalisations, and applications 



21 



The foliation $ corresponds to a connection V on the bundle pr : R™( m+1 ) — > W 1 ™ 1 with zero 
curvature. Indeed, the restriction of the projection pr to a leaf gives a one-to-one map that gives 
rise to a linear map among vector fields on W im and 'horizontal' vector fields tangent to a leaf. 

Note that the knowledge of this connection (foliation) gives us the superposition rule without 
referring to the map If we fix a point X(o) (0) and m particular solutions, X{\) (t), . . . , X( m ) (t), 
then 2(o) (£) is the unique point in M" such that the point (x( )(t), a?m(i), . . . , X( m )(t)) belongs 
to the same leaf as (x^ (0), xm (0), . . . , X( m ) (0)). Thus, it is only $ that really matters when the 
superposition rule is concerned. 

On the other hand, if we have a connection V on the bundle 

pr : M"( m+1 ) -> R nn \ 

with zero curvature, i.e. a horizontal distribution V on R n ( m + 1 ) that it is involutive and can be 
integrated to give a foliation on R n ( TO+1 ) such that the vector fields X t belong to V, then the 
procedure described above determines a superposition rule for system ( 11.33b . Indeed, let k £ W 1 
enumerates smoothly the leaves of the foliation then we can define 3>(:E(i) , . . . , X( m ) ; k) € 
R" to be the unique point x^ of R" such that 

(Z(0),Z(1), ■ • - ^(m)) € 3k- 
This gives rise to a superposition rule <i> : E nm x K n — > M" for the system of first-order differ- 
ential equations ( 11.33b . To see this, let us observe the inverse relation 

*(a; (0 ),. • . ,x (m) ) = k, 

which is equivalent to (x( ), . . . , X( m )) £ 3fc. If we fix k and take a generic family of particular 
solutions, xru (<),..., Z( m -) (t), of equation ( ll.331 l, then X( ) (t), defined with the aid of the con- 
dition ^(x^Q^t), . . . ,X( m )(t)) = k, satisfies ( 11.331 ). In fact, let x'^(t) be the solution of ( 11.331 ) 

with initial value x'^ = X( ). Since the i-dependent vector fields X(t, x) are tangent to J, the 
curve (x( ) (t), xn) (t), . . . , x^ (t)) lies entirely within a leaf of so in But a point of a leaf 
is entirely determined by its projection by pr, then x'^ (t) — X( ) (t) and X( ) (t) is a solution. 

PROPOSITION 1.18. Giving a superposition rule depending on m generic particular solutions 
for a Lie system described by a t-dependent vector field X is equivalent to giving a zero curvature 
connection V on the bundle pr : ]R( m + 1 )" — > W 1 ™ 1 for which the vector fields {X t } t< =m. ore 
horizontal vector fields with respect to this connection. 

Although we rejected to investigate in full detail the difference between global superposition 
rules and superposition rules, it is interesting to comment briefly this theme here. Note that a 
rigorous analysis of the above discussion shows that a global or 'simple' superposition rule gives 
rise to a zero curvature connection. Nevertheless, on the contrary, a zero curvature connection 
only ensures the existence of a superposition rule. This is due to the connection, which only 
guarantees the existence of a series of local first-integrals that give rise to a superposition rule. 
In order to ensure the existence of a global superposition rule, some extra conditions on the 
connection must be required as well (see lfl8l ). 

1.5. Geometric Lie Theorem. Let us now prove the classical Lie theorem 111571 Theorem 44] 
from a modern geometric perspective by using the previous results. The following theorem con- 
stitutes a review of the geometric version of the Lie Theorem given in J38l Theorem 1 ] . Our aim 
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in doing so is to include in our exposition one of the main results of the theory of Lie systems 
and, at the same time, to furnish a slightly more detailed proof of this theorem. 

Main Theorem 1.19. (Geometric Lie Theorem) A system ( 17.331 ) admits a superposition rule 
depending on m generic particular solutions if and only if the t-dependent vector field X can be 
written as 

r 

X t = Y / b a (t)X a , (1.35) 

Q = l 

where the vector fields, X\, . . . , X r ,form a basis for an r-dimensional real Lie algebra. 

Proof. Suppose that system (1 1 .33b admits a superposition rule ( 11.141 and let $ be its associated 
foliation over R n ( m+1 ). As the vector fields {X t }t£R are tangent to the leaves of ^, the vector 
fields of Lie({X t }t£m) span a generalised involutive distribution 

V p = {Y(t,p)\Y G Lie({X t } teR )} G T p R"(" l+1 \ 

whose elements are also tangent to the leaves of Since the Lie bracket of two prolongations is a 
prolongation, we can choose, among the elements of Lie({Xt}teB.)> a finite family, X\, . . . , X r , 
that gives rise to a local basis of diagonal prolongations for the distribution T). As the map pr 
projects each leaf of the foliation $ into R™' m diffeomorphically, we get that the vector fields 
P r *(X a ), with a = 1, . . . , r, are linearly independent at a generic point of R™ m . These vector 
fields close on the commutation relations 

r 

[X a , Xp] = J~] f a p 1 X 1 , a, (3 = l,...,r, 

7 = 1 

for certain functions f aM e C°°(R"( m+1 )). In view of Lemma fl.141 these functions must be 
constant, let us say f a p 1 = c a p 1 , and, taking into account the properties of diagonal prolonga- 
tions, one has that, X\, . . . , X r , are linearly independent vector fields obeying the relations 

r 

[X a , Xp] = c a p 1 X 1 , a, /3 = 1, . . . ,r. 

7=1 

Since, at each time, X t is spanned by the vector fields, X\, . . . , X r , there are t-dependent func- 
tions b a G C°°(R x R"( m+1 )), with a = 1, . . . , r, such that 

r 

Xt = b a X a . 

a=l 

But each X t is a diagonal prolongation, so, using Lemma 11.141 one gets that the functions, 
bi, . . . , b r , depend only on the time and thus 

r 

X t = J2 b a (t)X a . (1.36) 

Q = l 

From here, it is immediate that (11.35) . 

To prove the converse property, assume that the t-dependent vector field X can be put in the 
form (11.35b , where the vector fields, X\, . . . , X r , are linearly independent over R and span a 
7--dimensional Lie algebra. 
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As the vector fields, X\, . . . , X r , are linearly independent over R, there exists, in view of 
Proposition 1 1.1 71 a minimal number m < r, such that their diagonal prolongations to R nm are 
linearly independent at a generic point (what yields that r < n ■ m). Moreover, the diagonal 
prolongations, Xi, . . . , X r , to K"( m+1 ) are linearly independent and they form a basis for an 
involutive distribution T>. This distribution leads to a (n(m + 1) — r)-codimensional foliation $o 
on M"( m + 1 ) . As the codimension of go is at l east ti, we can consider an ?i-codimensional foliation 
g whose leaves include those of 3o- The leaves of this foliation project onto the last m ■ n factors 
diffeomorphically and they are at least n-codimensional. Hence, according to Proposition ! 1.181 
foliation # defines a superposition rule depending on m particular solutions. ■ 

Note that the converse part of the previous proof shows that all systems described by f- 
dependent vector fields of the form (11.361 share a common superposition rule. More specifi- 
cally, all such t-dependent vector fields give rise to the same distribution T> over the same space 
R T H m + 1 ), and this straightforwardly ensures the existence of a common superposition rule for all 
of them. This fact will be analysed more extensively in the second part of our work, where certain 
families of systems of differential equations that admit a ^-dependent common superposition rule, 
the referred to as Lie families , are investigated. 

1.6. Determination of superposition rules. Note that the previous geometric demonstration 
of Lie Theorem also contains information about the superposition rules associated with a Lie 
system. Let us analyse this fact more carefully. 

Consider a Lie system in R™ associated with a i-dependent vector field X. In view of Lie 
Theorem, such a i-dependent vector field can be written in the form 

n r A 

x(t,x) = j2J2 b <*w x «( x )-foi> 

i—l a — 1 

where the vector fields X a (x) = ^ i=1 X l a (x)d/dx l span a r-dimensional Lie algebra of vec- 
tor fields. Now, the geometric proof of Lie Theorem shows that the above decomposition gives 
rise to a superposition rule depending on m generic particular solutions with r < m ■ n. More 
exactly, the number m coincides with the minimal integer that makes the diagonal prolongations 
of Xt, . . . , X r , to W nn to become linearly independent at a generic point. In different words, the 
only functions fi,...,f r € C QC (R nm ) such that 

r 

^2f a X l a (x {a) )=0, a = l,...,m, i = l,...,n, (1.37) 

a=l 

at a generic point , . . . , x (k) ) are fx = . . . = f r = 0. 

Let us illustrate our above comments by means of a simple example. Consider the Riccati 
equation 

x = h{t) + b 2 {t) x + b 3 (t)x 2 , 
which describes the integral curves of the t-dependent vector field 

x t = M*)^ + h ^ x §^ + b3 ^ x2 ^- 

Recall that the vector fields {X t }t£Wi take values in the three-dimensional Lie algebra V spanned 
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by the vector fields 

d d d 

Xx = —, X 2 =x—, X 3 = x 2 —. 

ox ax ox 

Consequently, we can determine the number of particular solutions for a superposition rule for 

Riccati equations by considering the minimal m such that corresponding system (11.37b admits 

only the trivial solution. For m = 2, this system reads 

h + f%X{i) + hx 2 {Vj = , /i + f 2 X(2) + hx 2 {2 ) = 0, 
and it has non-trivial solutions. Nevertheless, the system for the prolongations to R 3 , that is, 

fl + f2X(l) + ./^(i) = , /l + f 2 X(2) + hx 2 {2) = > h + /2X( 3 ) + f 3 X 2 {3) = , 

does not admit any non-trivial solution because the determinant of the coefficients, i.e. 



/ 1 X 2 ^ 

1 X(2) X 2 2) 



0(2) ~ X (1) ){X (2) - X (3) ){ X(1) - I (3) ) 

V 1 X (3) X U 

is different from zero when the three points Xn), X(2), and X( 3 ) are different. Thus, we get that 
m = 3 and the superposition rule for the Riccati equation depends on three particular solutions. 
Obviously, the relations m < dim V < m ■ n are valid in this case. 

Once the number m of particular solutions has been determined, the superposition rule can be 
worked out in terms of first-integrals for the diagonal prolongations, X\, . . . , X r , over R™( m+1 ). 
Finally, it is worth noting that when the vector fields, X\, . . . , X r , over R n( ™ +1 ) admit more 
than n common first-integrals, the system X admits more than one superposition rule (see [38]). 

1.7. Mixed superposition rules and constants of the motion. Roughly speaking, a mixed su- 
perposition rule is a ^-independent map describing the general solution of a system of first-order 
differential equations in terms of a generic family of particular solutions of various systems 
(generically different ones) of first-order differential equations and a set of constants. Obviously, 
mixed superposition rules include, as particular instances, the standard superposition rules related 
to Lie systems. 

DEFINITION 1.20. A mixed superposition rule for a system of first-order differential equations 
determined by a ^-dependent vector field X over R™° is a ^-independent map $ : R" 1 x . . . x 
of the form 



x = $(x(i),...,a;( m );fei,...,fc no ), 

such that the general solution, x(t), of system X can be written as 

x(t) = $(2C(i) (*),..., a:( m )(i);fei,...,fe no „ 

with, (t), . . . , X( m ) (t), being a generic family of curves satisfying that each xr a \ (t) is a par- 
ticular solution of the system determining the integral curves for a i-dependent vector field X^ 
over R™ a , with a = 1, . . . , m. 

As a particular example of mixed superposition rule, consider the linear system of differential 
equations 

dx l -A 

- d -f=Y, A W> 3+Bt M> * = l,...,n, d-38) 
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whose general solution, x(t), can be written as 

n 

x(t) = y (1) (t) + ^2kjZ (J) (t), 
i=i 

in terms of one particular solution (t) of dl.38l ). any family of n linearly independent partic- 
ular solutions, Z(i)(i), . . . , Z( n )(t), of the homogeneous linear system 

4=£W> i = l,...,n, 

and a set of n constants, k%, . . . , k n . 

We here aim to give a method to obtain a particular type of mixed superposition rule for a Lie 
system in terms of particular solutions of another Lie system. Additionally, we relate our results 
to the commentary given in [38 Remark 5], where it was briefly discussed that the solutions of 
a certain first-order differential equation on a manifold may be obtained in terms of solutions of 
other first-order systems by constructing a certain foliation. 

Consider the system on R™° given by 

dx i r 

= i = l,...,n 0l (1.39) 

determining the integral curves of the i-dependent vector field 

r np o 



where the vector fields X a (x) = J27=i X l a {x)d / dx" 1 , close on a r-dimensional Lie algebra V, 
i.e. there exist r 3 constants c Q , / 3 7 such that 

r 

[X a ,Xp] = c Q/ 3 7 X 7 , a,P = 1, . . . ,r. 

7=1 

We here aim to derive a particular type of mixed superposition rule of the form $ : (M. ni ) m x 
M. n ° — > M. n ° for the above Lie system in such a way that its general solution, x(t), can be 
expressed as 

x(t) = . . .,x {m) (t); fci, . . . , k n ), 

where, xn\(t), . . . ,X( TO )(t), are a generic family of particular solutions of a Lie system deter- 
mined by a f-dependent vector field X^ on R™ 1 . Let us assume that system X^ takes the 
particular form 



where the vector fields X&^ €3£(M, ni ) obey the same commutation relations as the vector fields 
X a , that is, 

r 

[iWlj 11 ]^^ 1 ' a,p=l,...r, (1.42) 

7=1 
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It is important to clarify when such a i-dependent vector field X^- 1 ' exists. Let us prove its exis- 
tence. On one hand, Ado's Theorem states that for every finite -dimensional Lie algebra V, e.g. 
the one spanned by the vector fields X a , there exists an isomorphic matrix Lie algebra Vm of 
n\ x n\ square matrices. Now, since the homogeneous linear system 

V = A(t)y, 

where A(t) takes values in Vm is a Lie system associated with a Lie algebra of vector fields 
isomorphic to Vm (see BT1 ). it follows immediately that we can always determine a family 
of linear vector fields on W 11 obeying relations dl.42t . In terms of this family, we can build 
up a i-dependent vector field of the form (II. 4U . Apart from the t-dependent vector field 
constructed in the aforementioned way, there might exist other ones made of through finite- 
dimensional Lie algebras of vector fields admitting a basis whose elements obey relations (11.42b . 

Proposition 1 1.1 71 ensures the existence of a minimal m such that the diagonal prolongations 
of the X a to K™ im are linearly independent at a generic point. Let us denote such prolongations 
by 

m Ft 

^ = E X « (1) (*(«))^> " = l,...,r, 

a = l (a) 

and define the vector fields on N = R"° x K" 1 " 1 of the form 

m ft 
Y a =X a + Y J X l ^{x {a) )-—, a = l,...,r. 

o=l (a) 

where we have considered the vector fields X a and Aq 1 ' as vector fields on N in the natural way. 
From the above definition, one has 

r 

[Y a ,Yp] = '^2c a faY r) a,/3 = l,...,r. 

7=1 

Consequently, the system of differential equations that determines the integral curves of the t- 
dependent vector field 

r 

Y t = ^& a (t)y a , 

a=l 

is a Lie system associated with a Vessiot-Guldberg Lie algebra isomorphic to V. 
Define the involutive distribution V on of the form 

% = ((Y 1 ) i ,...,(Y r ) i ), ieA, 

whose rank is r, around a generic point of N. Additionally, as r < m ■ m, we may choose, 
at least locally, no common first-integrals of the vector fields, Yi, . . . ,Y r , giving rise to a tiq- 
codimensional local foliation T over M n ° x R" 1 " 1 , whose leaves project diffeomorphically onto 
jjnmi through the projection 

p : (x, a; (1 ),..., x (m) ) e N ^ (x (1) ,...,x (ro) ) e R nim . 

Additionally, the vector fields Y a are tangent to the leaves of this foliation. 

On one hand, it is immediate that the above results lead to defining a flat connection V on the 
bundle p : N — > K™ 1 " 1 . On the other hand, as it happened in the case of superposition rules (see 
Section fl~4l ). for every point (xm, . . . , Xf m )) € M. nim and a leave Fk, with k = (fei, . . . , fc„ ), 
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of the foliation F, there exists a unique point X(ns in R ra ° such that (x™, x {V\i • ■ • , xi m \) € .Ffc. 
This gives rise to the definition of a map 

^(o) = ■ ■ ■ ,X{m)\kx, . . . ,k no )- 

Mutatis mutandis, the same arguments showed at the end of the Section [T~4l applv here, and it can 
easily be proved that given a generic set of m particular solutions of system X^\ the general 
solution of X can be written as 

x(t) = $(£(!)(£),..., fci,...,fc„ ), 

what shows that $ is a particular type of mixed superposition rule. In this way, we have also 
shown that, as claimed in 1 38 , Remark 5], a flat connection V on a bundle of the form TYq x N\ x 
... x N m — > Ni x . . . x N m can be used to obtain the solutions of a first-order system in Nq by 
means of particular solutions of other first-order systems in JVj., . . . , N m . 

1.8. Differential geometry on Hilbert spaces. In order to provide some basic knowledge to de- 
velop the main results of the applications of the theory of Lie systems to Quantum Mechanics, we 
report in this section some known concepts of the Differential Geometry on infinite-dimensional 
manifolds. For further details one can consult [51] |50] 11381 . 

As far as Quantum Mechanics is concerned, the separable complex Hilbert space of states 
H can be seen as a (infinite-dimensional) real manifold admitting a global chart [23 1. Infinite- 
dimensional manifolds do not enjoy the same geometric properties as finite-dimensional ones, 
e.g. in the most general case, and given an open U C %, there is not a one-to-one correspon- 
dence between derivations on C°° (U, R) and sections of the tangent bundle TU . Therefore, some 
explanations must be given before dealing with such manifolds. 

On one hand, given a point <fi E W, a kinematic tangent vector with foot point is a pair 
((f), ip) with if) € H. We call T^H the space of all kinematic tangent vectors with foot point <fi. 
It consists of all derivatives c(0) of smooth curves c : M — > H with c(0) = <f>. This fact gives a 
reason for the name of kinematic. 

From the concept of kinematic tangent vector we can provide the definition of smooth kine- 
matic vector fields as follows: A smooth kinematic vector field is an element X E X(W) = T(tt), 
with TH the so-called kinematic tangent bundle and 7r : TH — > H the projection of this bundle. 
We define a kinematic vector field X as a map X : H — > TH such that tt o X = Id^. Given 
a ip E H, we will denote from now on X(ip) = (i/j, X^), with X^ being the value of X(ip) in 

Similarly to the Differential Geometry on finite-dimensional manifolds, we say that a kine- 
matic vector field X on W admits a local flow on an open subset U C % if there exists a map 
Fl x :RxU^H such that Fl x (0, ip) = if) for all if> E U and 



X 



ds 



Fl x (s,i>)=± 
--o ds 



mthFl x (if>) = Fl x (s,x). 

Let us use all these mathematical concepts to study Quantum Mechanics as a geometric the- 
ory. Note that the Abelian translation group on H provides an identification of the tangent space 
Tcf,H at any point <\> E H with H itself. Furthermore, through such an identification of H with 
T^H at any 4> € H, a continuous kinematic vector field is simply a continuous map X : W — > W. 
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Starting with a bounded C-linear operator A on H, we can define the kinematic vector field 
X A by X A = Ai/: T 4 ,H. In other words, we have 



Usually, operators in Quantum Mechanics are neither continuous nor defined on the whole space 
H. The most relevant case happens when A is a skew-self-adjoint operator of the form A = —i H. 
The reason is that H can be endowed with a natural (strongly) symplectic structure, and then such 
skew-self-adjoint operators are singled out as the linear vector fields that are Hamiltonian. The 
integral curves of such a Hamiltonian vector field X A are the solutions of the corresponding 
Schrodinger equation ll23l BTI . Even when A is not bounded, if A is skew-self-adjoint it must be 
densely defined and, by Stone's Theorem, its integral curves are strongly continuous and defined 
in all U. 

Additionally, these kinematic vector fields related to skew-self-adjoint operators admit local 
flows, i.e. any skew-self-adjoint operator A has a local flow 



We remark that given two constants A, fj, € R and two skew-self-adjoint operators A and 
B, we get that x XA+tlB = XX A + \iX B . Moreover, skew-self-adjoint operators considered as 
vector fields are fundamental vector fields relative to the usual action of the unitary group U(H) 
on the Hilbert space H. 

Let us turn to define the Lie bracket of two kinematic vector fields X A and X B associated 
with two skew-self-adjoint operators A and B, correspondingly. In order to simplify the notation, 
and as it shall be clear from the context, we hereafter denote both the commutator of operators, 
i.e. [A, B] = AB — BA, and the Lie bracket of vector fields [X A , X B ] in the same way. In view of 
the previous remarks, we can declare the Lie bracket of vector fields related to skew-self-adjoint 
operators to be 



X A :ip eH^ {i>, Xtp) eTO~«e?{. 



Fifty) = exp^XV) as ^-Flfty) = Aexp( S A)(<A) = A(Fl A ty)). 



(1.43) 



[X A ,X B } = X^ B ' A l 



It is worth noting that the above formula is equivalent to the standard one 



i=0 



{Fl Y _ s oFl* s oFl Y a oF s x ty)), 



(1.44) 



for finite-dimensional Differential Geometry when the right-hand side is properly defined. In- 
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deed, the above formula yields 

1 d 2 

- l£_ 
~ 2ds 2 



exp (—sB) exp (— sA) exp (sB) exp (sA) ( psi) 



s=0 



E 



E 



s=0 \ ni= 

(sB)" 3 " 



(~^) r 



V"3=0 

~ 2ds 2 
~ 2ds 2 



n 3 \ 



s=0 



E 



(sA) n 
n 4 ! 



\n 2 =0 



(sA) r 
712! 



/ \ri4— 

(-s 2 AB + s 2 BA) (V>) 
(s 2 [B,A])ty) = [B,A]ty), 



s=0 



when the above expressions are properly defined. From where, we obtain again 

[X A 7 X B ] = -X^ B \ 

as we defined. 



(1.45) 



1.9. Quantum Lie systems. The theory of Lie systems can be applied to investigate a particular 
class of t-dependent Hamiltonians satisfying a specific set of conditions, the so-called quantum 
Lie systems. Let us now precisely define this notion and sketch some of its properties. 

We call a i-dependent Hamiltonian H(t) a t-parametric family of self-adjoint operators H t : 

DEFINITION 1.21. We say that the i-dependent Hamiltonian H(t) is a quantum Lie system if it 
can be written as 



H(t) = Y,K{t)H a , 



(1.46) 



where the operators iH a are a family of skew-self-adjoint operators on H giving rise to a basis 
of a real r-dimensional Lie algebra of operators V under the commutator of operators, i.e. 

r 

[iH cn iH ] = ^2c a p J iH 7 , a,/3 = 1, . . . ,r, (1.47) 

7=1 

for certain r 3 real structure constants c a01 . We call V a quantum Vessiot-Guldberg Lie algebra 
associated with H(t). 

Each quantum Lie system H(t) leads to a Schrodinger equation 

^ = -iH(t)iP = -J2b a (t)iH a i;, (1.48) 

a=l 

describing the integral curves for the kinematic t-dependent vector field on % given by 

r 

a=l 
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where X a is the vector field associated with the operator —iH a . In view of the relation ( 11.45b 
and the commutation relations (11.47b . we obtain 

r 

[X a ,Xp] = -XW«> iH rt = ^c Q/37 X y , a,(3=l,...,n. (1.49) 

7=1 

In consequence, the vector fields X a span an r-dimensional Lie algebra of vector fields. In addi- 
tion, the structure constants for the basis {X a | a = 1 , . . . , r} coincide with those of the quantum 
Vessiot-Guldberg Lie algebra for the basis {iH a | a = 1, . . . , r}. 

Given the Lie algebra V, consider an isomorphic Lie algebra g corresponding to a connected 
Lie group G. Choose a basis {a Q | a = 1, . . . , r} of the Lie algebra T e G ~ g such that the Lie 
brackets of its elements, denoted by [•,•], obey the relations 

r 

[a a ,a,p] = ^c Q/ 3 7 a 7 , a,/3 = l,...,r. (1.50) 

7=1 

It can be proved that there exists a unitary action $ : G x T~L — > H such that each X a is the 
fundamental vector field associated with the element a Q , according to the relation (11.501 . Indeed, 
note that, fixed the basis {a Q | a = 1, . . . , r}, each element g, in a sufficiently small open U 
containing the neutral element of G, can be put in a unique way as 

g = exp(— fii&i) x ... x cxp(— /i r a r ). 

Now, we define 

$(exp(-^i Q a Q ), ip) = cxp(-i^ Q iJ Q )V>, a = 1, . . . , r. 

As G is connected, every element can be written as a product of elements in U, what, in view of 
the above relations, gives rise to an action $ : G x Ti — s- H. 

Similarly to the procedure carried out to show that solving a Lie system reduces to working 
out a particular solution for an equation in a Lie group (see Section [OK it can be proved that 
solving the Schrodinger equation for a quantum Lie system H(t) reduces to determining the 
solution of the equation in G given by 

r 

R g- 1 *g9 = ~ ^ b a (t)a, a = a(t), 5(0) = e. 

a=l 

More specifically, the particular solution of the Schrodinger equation ( 11.48b with initial condition 
tpo reads ip t — Q(g(t),ipo), where g(t) is the solution of the above equation. 

1.10. Superposition rules for second and higher-differential equations. Although the theory 
of Lie systems is mainly devoted to the study first-order differential equations, it can also be 
applied to investigate various systems of second-order differential equations, e.g. the so-called 
SODE Lie systems. This allows us to derive i-dependent and i-independent constants of the 
motion, exact solutions, superposition rules or mixed superposition rules for these equations, 
etc. Moreover, our methods to study systems of second-order differential equations can also be 
generalised to study systems of higher-order differential equations. 

Vessiot pioneered the analysis of systems of second-order differential equations by means of 
the theory of Lie systems 1 225 1 . Additionally, this theme was also briefly examined by Wintemitz, 
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Chisholm and Common 1 77 , 202 1 . Apart from these few works, the analysis of systems of second- 
order differential equations through the theory of Lie systems was not deeply analysed until the 
beginning of the XXI century, when the SODE Lie system concept was defined and employed to 
investigate various systems of second-order differential equations ll36l l44l l45l l48l l52l l53ll . This 
allowed us to recover previous results from a new clarifying perspective as well as to obtain some 
new achievements. 

The description of the general solution of systems of second-order differential equations in 
terms of certain families of particular solutions and sets of constants appears in the study of 
some systems in Physics and Mathematics 11 15111941 . Nevertheless, these results are frequently 
obtained through ad hoc procedures that neither explain their theoretical meaning nor the possi- 
bility of their generalisation. This section is concerned with the application of the theory of Lie 
systems to SODE Lie systems in order to review, through a geometrical unifying approach, some 
achievements previously obtained in the literature. Not only this provides a deeper theoretical 
understanding of these works, but it also offers several new achievements concerning these and 
other related topics. 

Recall that the theory of Lie systems initially aimed to study systems of first-order differential 
equations admitting its general solution to be expressed in terms of certain families of particular 
solutions and a set of constants. Nevertheless, this property is not exclusive for systems of first- 
order differential equations. For instance, each second-order differential equation of the form 
x — a(t)x, with a(t) being a t-dependent real function, satisfies that its general solution, x(t), 
can be cast into the form 

x(t) = klX(i)(t) + k 2 X(2)(t), (1-51) 

with, fci, fe, being a set of constants and, xm (t),x/2) (t), being a family of particular solutions 
whose initial conditions (rem (0), aim (0)) and (x(2)(0),X(2)(0)) are two linearly independent 
vectors of TR. Note also that such a superposition rule leads to the existence of many other non- 
linear superposition rules for other systems of second-order differential equations. For instance, 
the change of variables y = 1 jx transforms the previous system into yy—2y 2 = —a(t)y 2 admit- 
ting, in view of the above linear superposition rule and the above change of variable, its general 
solution to be written as 

y(t) = (hy^it) + k 2 yi\t)y 1 , (1.52) 

in terms of certain families, 3/(1) (t), 2/(2) (*)> of particular solutions and a set of two constants. 

Consequently, in view of the previous examples and other ones that can be found, for instance, 
in ll34ll43ll . it is natural to define superposition rules for second-order differential equations as 
follows. 

Definition 1.22. We say that a second-order differential equation 

x* = F l (t, x, x), i = l,...,n, (1.53) 

on K™ admits a global superposition rule if there exists a map : TM m,i x M. 2n — > W 1 such that 
its general solution x(t) can be written as 

x(t) = *(x(i)(£), . . . ,X( m )(t),x (1) (t), . . . ,i (m) (t); fci, . .., k 2n ), (1-54) 

in terms of a generic family, X(i) (t), . . . , X( m )(t), of particular solutions, their derivatives, and a 
set of 2n constants. 
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In order to understand the previous definition, it is necessary to establish the precise mean- 
ing for 'generic' in the above statement. Formally, it is said that expression ( 11.54b is valid for 
a generic family of particular solutions when it holds for every family of particular solutions, 
xi(t), . . . , x m (t), satisfying that (xi(0), Xi(0), . . . , x m (0), x m (0)) € U, with U being an open 
dense subset of (TR") m . 

There exists no characterisation for systems of SODEs of the form ( 11.53b admitting a super- 
position rule. In spite of this, there exists a special class of such systems, the so-called SODE 
Lie systems 11521 . accepting such a property. Even though this fact has been broadly used in the 
literature, it has been proved very recently [4-8 . We next furnish the definition of the SODE Lie 
system along with a proof for showing that every SODE Lie system admits a superposition rule. 
In addition, some remarks on the interest of this notion and its main properties are discussed. 

Definition 1.23. We say that the system of second-order differential equations (11.53b is a 
SODE Lie system if the system of first-order differential equations 

f x i = v i 

• i Ji U ^ i = l,.-.,n, (1.55) 

{ v 1 =F l (t,x,v), 

obtained from (11.53b by defining the new variables v l = x l , with i = 1, . . . , n, is a Lie system. 

PROPOSITION 1.24. Every SODE Lie system U.53D admits a superposition rule ^ : (TR") m x 
R 2 ™ -> K" of the form * = tto $, where $ : (TM") m x K 2 " TR" is a superposition rule for 
the system ( 17.551 ) and ir : TR" — » R" is the projection associated with the tangent bundle TR". 

Proof. Each SODE Lie system ( 11.53b is associated with a first-order system of differential equa- 
tions (12.13b admitting a superposition rule $ : (TK")' m x M 2 " -> TR". This allows us to de- 
scribe the general solution (x(t), v(t)) of system ( 11.55b in terms of a generic set (x a (t), v a (t)), 
with a = 1, . . . , m, of particular solutions and a set of 2n constants, i.e. 

(x(t), v(t)) = $ (xi(t), . . . , x m (i),vi(t), v m (t); h,..., k 2n )- (1.56) 

Each solution, x p (t), of the second-order system (11.53b corresponds to one and only one solution 
(x p (t), v p (t)) of the system of first-order differential equations (11.55b and vice versa. Further- 
more, since one has that (x p (t) , v p (t)) = (x p (t), x p (t)), it turns out that the general solution 
x(t) of (11.53b can be written as 

x(t) = 7r o $ (xi(t), . . .,x m (t),xi(t), . . .,x m (t); fci, . . . , k 2n ) , (1-57) 

in terms of a generic family x a (t), with a = 1, . . . , n, of particular solutions of (11.53b . That is, 
the map ^> = tt o $ is a superposition rule for the system of SODEs (11.53b . ■ 

Since every autonomous system is related to a one-dimensional Vessiot-Guldberg Lie algebra 
041 . a corollary follows immediately. 

COROLLARY 1.25. Every autonomous system of second-order differential equations of the form 
x 1 = F l (x, x), with i = 1, . . . , n, admits a superposition rule. 

The above result is, in practice, almost useless. Actually, the superposition rule ensured by 
Proposition 1 1 .241 relies on the derivation of a superposition rule for an autonomous first-order 
system of differential equations. Applying the method sketched in Section [L6l it is found that 
determining this superposition rule implies working out all the integral curves of a vector field on 
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(TR™) 2 . Although the solution of this problem is known to exist, its explicit description can be 
as difficult as solving the initial system (indeed, this is usually the case). Consequently, deriving 
explicitly a superposition rule for the above autonomous system frequently depends on the search 
of an alternative superposition rule for the associated first-order system. 

Many superposition rules for second-order differential equations do not present an explicit 
dependence on the derivatives of the particular solutions. Consider, for instance, either the linear 
superposition rule (11. 5U for the equation x = a(t)x, or the affine one, 

x(t) = ki{x x {t) - x 2 (t)) + k 2 (x 2 (t) - x 3 (t)) + x 3 (t), 

for x — a(t)x + b(t). Such superposition rules are called velocity free superposition rules or even 
free superposition rules. The conditions ensuring the existence of such superposition rules is an 
interesting open problem. Let us provide a brief analysis about the existence of such superposition 
rules. 

PROPOSITION 1.26. Every system of SODEs ( 17.531 ) admitting a free superposition rule is a 
SODE Lie system. 

Proof. 

Suppose that system ( 11.53b admits a superposition rule of the special form 

x l = $l(xi,...,x m ;ki,...,k 2n ), i=l,...,n. (1.58) 

In such a case, the general solution, x(t), of the system could be expressed as 

x i (t) = & x (x 1 (t),...,x m (t);k 1 ,...,k 2n ), i = l,...,n. (1.59) 

Define p(t) = (xi(t), . . . , x m (t), i\(t), . . . , x m (t)) and v % = x % for i = 1, . . . , n. Take the time 
derivative in the above expression. This yields 

v\t) = x\t) < (P(*)) > * = !,•••,». d-60) 

a=l j=l \ dXa ' 

where we have used that d$ L x /dv J a — 0, for i, j — 1, . . . , n, and a = 1, . . . , m. Consequently, 
there exists a function 



$l(x 1 ,...,x m ,v 1 ,...,v m ) = EE (^^j) ' i = 1 ' 

n = 1 a— 1 V J 



.,n, 



. , n. 



a=l j = l 

such that 

J x\t) = & x {xi{t), . . .,x m (t); fci, . . . , fc 2 „), 
| v\t) = §l(x 1 (t),...,x m (t),v 1 (t),...,v m (t);k 1 ,...,k 2 n), 
Therefore, system (12.131 admits a superposition rule and (II ,53l l becomes a SODE Lie system. ■ 

Apart from the SODE Lie system notion, there exists another method to study certain second- 
order differential equations admitting a regular Lagrangian, like Caldirola-Kanai oscillators or 
Milne-Pinney equations Il52ll97l . Although this method cannot be used for studying all systems 
of second-order differential equations, it provides some additional information that cannot be 
derived by means of SODE Lie systems when it applies, e.g. information on the ^-dependent 
constants of the motion of the system [ 
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1.11. Superposition rules for PDEs. The geometrical formulation of the theory of Lie systems 
enables us to extend the Lie system notion to partial differential equations. Here, we briefly 
analyse this generalisation and its properties Il38lll851 . 
Consider the system of first-order PDEs of the form 

— =Xl(t,x), x G M™, t = (t , . . . ,t s ) G R s , (1.61) 

whose solutions are maps x(t) : R s — > W 1 . When s = 1, the above system of PDEs becomes 
the system of ordinary differential equations (11.331 . The main difference between these systems 
is that for s > 1 there exists, in general, no solution with a given initial condition. For a better 
understanding of this problem, let us put ( I1.6U in a more general and geometric framework. 
Let Pgyt be the trivial fibre bundle 

P^„ = R s x R n -> M s . 

A connection Y on this bundle is a horizontal distribution over TP^„ . i.e. a s-dimensional distri- 
bution transversal to the fibres. This distribution may be determined by the horizontal lifts of the 
vector fields d/dt a on R s , i.e. 

— d 

X a (t,x) = — +X a (t,x), 



where 

i—1 

The solutions of system dl.6U can be identified with integral submanifolds of the distribution X, 

(t,X a (t,x)) , t£R s , xe R n . 

It is now clear that there is a (obviously unique) solution of J1.6H for every initial data if and 
only if the distribution Y is integrable, i.e. the connection has a trivial curvature. This means that 

r 

[X a ,Xb] = 2^ fabc X c 
c=l 

for some functions f a b c in P^„ . But the commutators \X a , Xb] are clearly vertical, while X c are 
linearly independent horizontal vector fields, so f a b c = 0, which yields the integrability condition 
in the form of the system of equations [X a , Xb] = 0, i.e. in local coordinates, 

^ { t,x)-^(t,x)+^Ui(t,x)^(t,x)-Xi(t,x)^(t,x)\=0. (1.62) 

Let us assume now that we analyse a system of first-order PDEs of the form J1.6H that satisfies 
integrability conditions (11.62b . Then, for a given initial value, there exists a unique solution of 
system dl.61l ). Furthermore, it is immediate that the geometrical interpretation for superposition 
rules for first-order described in Section (11.41 can be generalised straightforwardly to the case of 
PDEs. In consequence, Proposition ! 1 . 1 8l takes now the following form. 

PROPOSITION 1.27. Giving a superposition rule for system ( 17.671 ) obeying integrability condi- 
tion il.62\) is equivalent to giving a connection on the bundle pr : IR n ( m + 1 ) — > R nm with a zero 
curvature such that the family of vector fields {{X a ) t \ t £ R s , a — 1, . . . , s} are horizontal. 
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Also the proof of Lie Theorem remains unchanged. Therefore, we get the following analogous 
of Lie Theorem for PDEs. 

THEOREM 1.28. The system A1.6H of PDEs defined on 1" and satisfying the integrability con- 
dition U.62i admits a superposition rule if and only if the vector fields {{X a ) t } on M. n depending 
on the parameter t G M 3 , can be written in the form 

r 

{X a ) t = ^2u°(t)X a , a=l,...s, (1.63) 

a=l 

where the vector fields X a span a finite-dimensional real Lie algebra. 

Note that the integrability condition for Y a (t, x) of the form ( ll.631 l can be written as 



X 1 = 0. 



£ [{ul)\t)-{ul)\t) + u a a {t)4{t)cl 

a,/3,7— 1 

We now turn to illustrate the above results by means of a particular example. Consider the 
following system of partial differential equations on M 2 associated with the SL(2, K.) -action on 



u x = a{x,y)u 2 + b(x,y)u + c(x,y) , 

(1-64) 

u y = d(x,y)u + e(x,y)u + f(x,y) . 
This equation can be written in the form of a 'total differential equation' 

(o(x, y)u 2 + b(x, y)u + c(x, y))dx + (d(x, y)u 2 + e(x, y)u + f(x, y))dy = du . 
The integrability condition only states that the one-form 

ui = (a(x, y)u 2 + b(x, y)u + c(x, y))dx + (d(x, y)u 2 + e(x, y)u + f(x, y))dy 

is closed for an arbitrary function u = u(x,y). If this is the case, there is a unique solution with 
the initial condition u(xq, yo) = uq and there is a superposition rule giving a general solution as 
a function of three independent solutions exactly as in the case of Riccati equations: 

_ ("(1) - U(3))U(2)k + M(1)(U(3) ~ ^(2)) 

(U(l) - u (3) )k + (u {3) - u {2) ) 



2. SODE Lie systems 

We already pointed out that the theory of Lie systems is mainly dedicated to the analysis of sys- 
tems of first-order differential equations. In spite of this, such a theory can also be applied to 
studying a variety of systems of second-order differential equations. This can be done in sev- 
eral ways that rely, as a last resort, on using some kind of transformation to convert systems of 
second-order differential equations into first-order ones [52 54l 1771 ITOOl 12021 . A class of such 
systems that can be investigated by means of these techniques are the referred to as SODE Lie 
systems, which were theoretically analysed in Section fT.101 In this chapter, we focus on analysing 
several instances of SODE Lie systems in order to derive t-independent constants of the motion, 
exact solutions, superposition rules, and other properties. This allows us not only to study the 
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mathematical properties of such systems, but also to provide tools to analyse the diverse physical 
or control systems modelled through such equations. 

Among the above applications to SODEs, one must be emphasised: the use of the referred 
to as mixed superposition rules. This recently described notion enables us to express the general 
solution of SODE Lie systems in terms of particular solutions of the same, or other, SODE Lie 
systems. In this way, this new concept can be employed to analyse the properties of the general 
solutions of certain SODEs appearing in the Physics and mathematical literature 111 15111941 . As 
a consequence of such an analysis, new results can be obtained and other known ones will be 
recovered, in a systematic way, which will enhance their understanding. 

The following section is dedicated to the application of the theory of Lie systems to SODE 
Lie systems in order to review, through a geometrical unifying approach, some results previously 
obtained in the literature by means of ad hoc methods and to provide new ones. The whole 
chapter can be divided into two parts: The first one is devoted to the application of the geometric 
theory of Lie systems for deriving superposition rules, con stants of the motion and exact solutions 
for various SODE Lie systems. More specifically, we study i-dependent harmonic oscillators, 
generalised Ermakov systems and Milne-Pinney equations, providing a new superposition rule 
for the latter. The second part is concerned with the study and application of mixed superposition 
rules. 

2.1. The harmonic oscillator with f-dependent frequency. Perhaps, the one-dimensional t- 
dependent frequency harmonic oscillator is the most simple SODE which allows us to illustrate 
the application of the SODE Lie system notion. Let us make use of this fact to show, clearly, how 
this notion applies and to analyse thoroughly the properties of such a system. 

The equation of the motion for a one-dimensional harmonic oscillator with ^-dependent fre- 
quency uj{t) takes the form x — —Lu 2 (t)x. In view of Definition ll.231 this equation is a SODE 
Lie system if and only if the system of first-order differential equations 



is a Lie system. This feature depends on the properties of the i-dependent vector field over TR 
given by 




(2.1) 



X(t, x, v) = v- uj 2 (t)x — , 

ox ov 

which describes the integral curves of system (12. H . It is immediate that 

X t =X 1 +u 2 (t)X 3 , 



(2.2) 



where X\ and X 3 are the vector fields 





These vector fields obey the commutation relations 

[X\, X3] = 2 X2 , [X2, X3] — X% , [Xi, X2 
with X2 being the vector field on TM given by 




(2.3) 




Lie systems: theory, generalisations, and applications 



37 



According to the commutation relations (12.3b and decomposition ( 12.21 ). it follows that X t 
defines a Lie system associated with a Vessiot-Guldberg Lie algebra V = (Xi , X%, X3). Hence, 
one-dimensional harmonic oscillators with a t-dependent frequency are SODE Lie systems. 

Determining the general solution of every SODE Lie system reduces to working out the 
solution of an equation on a Lie group. Unsurprisingly, since the general solution of a SODE 
Lie system is straightforwardly related to the solution of a Lie system whose solution can be 
obtained from a equation in a Lie group. Let us illustrate our claim in detail through the example 
of harmonic oscillators. 

Since system ( 12.11 ) is a Lie system, its general solution can be worked out by means of the 
solution of an equation on a certain Lie group (see Section fOl l. Recall that as the elements of V 
are complete, there exists a Lie group action $l : G x TR —> TR whose fundamental vector 
fields are exactly those corresponding to V. It is easy to check that this action can be chosen to 
be $ L : SL(2, R) x TR — s- TR, with 

*J( a M ( x )) = ( a f>\(*\ = ( <**+(><>) 

Indeed, if we take the basis 

( -1 \ 1 / -1 \ /0 0\ 

ai= v o J< a2 = H 1 )' a3 = U )' i2A) 

of the Lie algebra of 2 x 2 traceless matrices (the usual representation of the Lie algebra sl(2, R)), 
its elements satisfy the same commutation relations as the vector fields, Xi, X2, X3. Further- 
more, it can be easily verified that the vector fields X\ , X2 and X3 are the fundamental vector 
fields associated with the matrices, ai, a.2, 8,3, according to our convention (11.281 ). 

Once the action is determined, it enables us to write the general solution (x(t), v(t)) of 
system ( 12. U in the form 

(«£H4 (t) '(3)- ™ th (3 E ™' <2 - 5) 

where g(t) is the solution of the Cauchy problem 

3 

R g -i*g = - ^2 b a (t)a a , g(0)=e, 

a=l 

on SX(2,R). This immediately gives us the general solution, x(t), of the equation ( 12.11 ) from 
expression (12.5b . Moreover, this process is easily generalised to every SODE Lie system. 

Apart from the above Lie group approach, the SODE Lie system notion furnishes us with 
a second approach to investigate one-dimensional i-dependent frequency harmonic oscillators. 
This is based on determining a superposition rule for the Lie system ( 12. U . 

Recall that a superposition rule for a Lie system can be worked out by means of a set of 
first-integrals for certain diagonal prolongations of the vector fields of an associated Vessiot- 
Guldberg Lie algebra V. As it was discussed in Section [L6l the way to obtain these first-integrals 
requires to determine the minimal integer m such that the prolongations to R" m of the elements 
of a basis of the Lie algebra V become linearly independent at a generic point. This yields that 
dim V < m ■ n. Additionally, if we consider the diagonal prolongations of such a basis to 
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R n ( m + 1 ) ) these elements are again linearly independent at a generic point and a family of m-n—r 
first-integrals appears. These first-integrals allow us to determine a superposition rule. 

We next illustrate the above process by means of the study of harmonic oscillators. In ad- 
dition, we analyse in parallel the problem of finding i-independent constants of the motion for 
systems made of some copies of the initial system. This problem will be proved to be related to 
the above process and, in addition, will permit us to show interesting properties about harmonic 
oscillators. 

Consider two copies of the same one-dimensional harmonic oscillator, i.e. 

Xi = -uj 2 (t)xi, 

X 2 = —U> (t)X2- 

This system of SODEs, which corresponds to a two-dimensional isotropic harmonic oscillator 
with a i-dependent frequency u>(t), is related to the following system of first-order differential 
equations 



vi, 

V2, 

-U} 2 (t)xi, 
-UJ 2 {t)x2- 

Its solutions are the integral curves of the i-dependent vector field 

d d ,, s d 9/ ., d 



(2.7) 



X 2d = V 1 — + V2 1 ; U 2 (t) Xl UJ 2 {t)x 2 

ox\ 0x2 av\ 0V2 



which is a linear combination 



X 2d = X 2d + W 2^ X 2^ (2 g) 



with X{ and X$ being the vector fields 



9 . d -rid d d 

L .3 



Xi^VlJ^+^T—, X 2d = - Xl -- - X2-, 

OX\ OX2 OV\ OV2 



satisfying the commutation relations 
where X2 reads 



X 2d , X 2d ] = 2 X 2d , [Xl d , X 2d ] = X 2d , [X 2d , X 2 2 d \ = X 2d , (2.9) 



X 2d --(x— +x — -v — -v — 
2 \ 1 dx\ 2 dx 2 1 dv\ 2 dv2 

The previous decomposition of the i-dependent vector field X 2d has been obtained by consid- 
ering the new vector fields, X 2d : X 2d , X 2d , to be diagonal prolongations to TR 2 of the vector 
fields, Xi, X2, X3. In this way, we get that the commutation relations d2.91 > are the same as (12.3b 
and, in view of decomposition (12.8b . this ^-dependent vector field defines a Lie system related to 
a Lie algebra of vector fields isomorphic to sl(2, R). 

The distribution associated with the Lie system X 2d , i.e. 

V 2d = ((X 2d ) p: (X 2 \, (X 2d ) p ), p G TR 2 , 

has rank lower or equal to the dimension of the Lie algebra V. More specifically, it has rank three 
in an open dense of subset TR 2 . Hence, there exists a local non-trivial first-integral common to 
all the vector fields of the above distribution. Furthermore, this first-integral is a ^-independent 
constant of the motion of system d2.71 >. Let us analyse this statement more carefully. Given a 
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constant of the motion F : (x%, Vi, X2, V2) £ TR 2 1— > F(x\, vi, X2, ^2) £ R of system ( 12.7b . it 
follows that 

dF , ... s ^fdx l ,.dF, ... dv l ,.dF, , ..\ „,j t( ... 

* (p(*)) = £ (*)ft?(p(*)) + A-Wft? W')) J ^ ^w*)) ^ °> 
2=1 



is, then F must be a first-integral of the vector fields of Xf d , X$ d and, therefore, of X\ d 
Consequently, there exists, at least locally, a function F that is a constant of the motion foj 
ery system ( 12. 7t and such that dF is incident to the distribution generated by the, Xf d , X\ d , X% d , 
i.e. dF(Xf d ) = dF{Xl d ) = dF(X$ d ) = in a certain dense open subset U of TR 2 . 

Since X% d F = 0, there is a function F(£, xi,X2) such that F{x±,X2,vi, V2) = F(£, £1,2:2), 



where p(t) = (x\(t), Vi(t),X2(t),V2{t)). If F is a first-integral for the system (12.7) . whatever 

l| d and, therefore, of X| £ 
Consequently, there exists, at least locally, a function F that is a constant of the motion for ev- 

r2c 

k ( '> — CI •■ -i <> .!.->,*.., ,>„.■„, „,h m i ff nfTtH'i 

with £ = — Next, in view of condition Xf d F = 0, we have 

dF dF 

v\ -= h «2 q — = 

ox\ 0x2 

and there exists a function such that F(£,x 1 ,x 2 ) = F(g). As 2X% d = [X$ d ,X%% the 
conditions X\ d F = X^ d F = imply X\ d F = and hence F(xi, X2, t>i, Vz) — x\v 2 — x 2 v\ is 
a first-integral which physically corresponds to the angular momentum. Additionally, this first- 
integral allows us to solve the second-order differential equation x = —us 2 (t)x by means of a 
particular solution. Actually, if Xi(t) is a non-vanishing solution of this equation, every other 
particular solution X2 (f) gives rise to a particular solution (x±(t), i>i(t), X2(t),V2(t)) of system 
( 12.7l i. As the first-integral F is constant along this particular solution, we have that X2 (t) obeys 
the equation 

1 \ dxz . 1 

x\[t) — = k + xi(t)X2 , 



whose solution reads 



x 2 (t) = k' Xl (t) + k Xl (t) I , (2.10) 



what gives us the general solution to the t-dependent frequency harmonic oscillator in terms of a 
particular solution. 

In order to look for a superposition rule, we must consider a system made of some copies of 
( 12. U and obtain at least as many ^independent constants of the motion as the dimension of the 
initial manifold. Also, it must be possible to obtain the variables of the initial manifold explicitly 
in terms of the other variables and such constants. Recall that the number m of particular solutions 
to obtain a superposition rule satisfies that the diagonal prolongations of the vector fields X% , X2 
and X3 to R nm are linearly independent in a generic point. 

In the case of two copies of the i-dependent harmonic oscillator, the condition on the prolon- 
gations of the vector fields, X\, X 2 , X 3 , that is, Ai X\ d + X 2 X| d + A 3 X% d = 0, implies that 
Ai = A2 = A3 = 0. Therefore, the one-dimensional oscillator admits a superposition rule involv- 
ing two particular solution and, in view of our previous results, we need to study three copies of 
the i-dependent harmonic oscillator (12. U so as to obtain a superposition rule. Consider therefore 
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the system of first-order ordinary differential equations 



vi 

X2 
V2 

X 

v 



vi, 



V2, 



-uj 2 (t)x 2 , 

-LJ 2 (t)x, 



(2.11) 



whose solutions are the integral curves for the i-dependent vector vector field 



X 3d 



8 8 8 

hW2 ^ hf-^- 

axi 0x2 ox 



\t) Xl 



8 
dvi 



\t)X2 



_8_ 

dv 2 



co 2 (t)x 



8v 



which is a linear combination, X, 
fields 



3d 



8 



8 



X( 



8 



3d 



u 2 (t)Xl d , with Xf d and Xf d being the vector 



X l = + W 2— + V— , 



xl d 



-Xl 



d 



X2 



_8_ 

dv 2 



8_ 

dv' 



dx\ dx 2 
obeying the commutation relations 

^j^3d 2 X^ d [X^ d X^ d ^ X^ d 

where the vector field X\ d is defined by 

1(8 8 8 8 8 8 

x 2 = o x io ^2-5 \-x- v\- v 2 ~ v — 

2 \ 8x1 8x 2 ox 8v\ 8V2 8v 

We can determine the first-integrals F for these three vector fields as solutions of the sys 
tern of PDEs Xf d F = Xf d F = 0, because 2X\ d = {Xf^X™} and the previous rela 
tions automatically imply the condition X% d F — 0. This last condition yields that there ex 
ists a function F : M 5 — > 

£i(x 1 ,x 2 ,x,vi,v 2 ,v) = XVl 
condition Xf d F = transforms into 



dvi 

[xl d ,xl d ] = xl d 



2 such that F(xi,X2,x,vi,V2,v) — £2, £1,2:2,2;) with 

X\v and £2(2:1, X2, x, v\,V2,v) — xv 2 — x 2 v. In view of this, the 



8F 8F 8F 

V\- 1- V 2 - h V- 



0. 



8x\ 8x2 8x 

i.e. the functions £1 and £2 are first-integrals (Of course, £ = x\V2 — X2V\ is also a first-integral). 
They produce a superposition rule, because from 

xv 2 — x 2 v = fci, 
x\v — V\x — fc 2 , 

we get the expected superposition rule for two solutions 



X = Cl Xl + c 2 x 2 , 



v = C\ V\ + c 2 v 2 , 



hi 

Ci = p 



k = xiv 2 - x 2 vi . 



2.2. Generalised Ermakov system. Let us now turn to study the so-called generalised Ermakov 
system, i.e. 



x = -Kf{y/x) - uj 2 (t)x, 

X A 

y = -^g(y/x)-u 2 (t)y, 



(2.12) 
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which has been broadly studied in (ToU [191] [192] [193] OH [2051 EQ6). Although this system is, 
in general, more complex than the standard Ermakov system, which will be discussed later, its 
analysis is easier from our point of view and it is therefore studied now. More exactly, our aim 
is to recover by means of our methods its known constant of motion, which is used next to study 
the Milne-Pinney equation and to obtain a superposition rule. 

For the sake of simplicity, let us consider the generalised Ermakov system on R^_ . This system 
can be written as a system of first-order differential equations 



X = Vn 



-u\i)x + ±f(y/x), < 2 - 13 ) 
~u 2 {t)y + -;g{y/x), 

yi 

in TR^ by introducing the new variables v x = x and v y = y. Therefore, we can study its 
solutions as the integral curves for a i-dependent vector field X t on TR+ of the form 

X t = v x ± + v y I + (-„»(«)* + JL + (-.\t)y + A , 

which can be written as a linear combination 

X t = N 1 +u> 2 (t)N 3 , 
where N\ and N 3 are the vector fields 

Note that these vector fields generate a three-dimensional real Lie algebra with the third generator 

1/9 d d d 

iv 2 = 

In fact, as 



2 2 \ dx ^ ^ dy x dv x v dv y 



[N\,Nz] = 2N 2l [JVi, N 2 ] = Nt, [N 2l N 3 ] = N 3 , 

they generate a Lie algebra of vector fields isomorphic to sl(2, R) and thus the generalised Er- 
makov system is a SODE Lie system. 

As Lie system ( 12.131 ) is associated with an integrable distribution of rank three in a generic 
point of a four-dimensional manifold, there exists, at least locally, a first-integral, F : TR^_ — > R, 
for any uj 2 (t). Such a first-integral F satisfies NiF = for i = 1, 2, 3, but as [Ni, N 3 ] = 2N 2 it 
is sufficient to impose N ± F = N 3 F = to get N 2 F = 0. Then, if N 3 F = we have 

dF dF n 

dv x dv y 

and the associated system of characteristics is 

dx dy dv x dv y 
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In view of this, we conclude that there exists a function F : R 3 — > R such that F(x, y, v x ,v y ) 
F(x, y, £ = xv y — yv x ) and, taking this into account, the condition N\F = reads 

dF dF ( y x . . \ dF 



v x -z — r v„ 



f(y/x) + -og(y/x) ) 1 ^=0 



dx^ vy 8y^\ ,r :,ai "J d£ 

We can therefore consider the associated system of characteristics 

dx dy <i£ 



and using that 



we arrive to 



i.e. 



v x v y —%sf(y/x) + ^g(y/x) 

—y dx + xdy dx dy 

£ v x v y ' 

—ydx + x dy e?£ 



y 2 d f 



and integrating we obtain the following first-integral 

dC = C, (2-14) 



1 2 

2 e 1 y i c ! " v.£.y ^ vc 

with u = x/y. This first-integral allows us to determine, by means of quadratures, a solution of 
one subsystem in terms of a solution of the other equation. 

2.3. Milne-Pinney equation. We call Milne-Pinney equation the second-order ordinary nonlin- 
ear differential equation B1631 11821 

k 

x = -Lo 2 (t)x + — , (2.15) 

X 6 

where k is a non-zero constant. This equation describes the i-evolution of an isotonic oscilla- 
tor Il28lll81l (also called pseudo-oscillator), i.e. an oscillator with an inverse quadratic potential 
1 204]. This oscillator shares with the harmonic one the property of having a period indepen- 
dent of the energy [68 1, i.e. they are isochronous systems and, in the quantum case, they have 
an equispaced spectrum [ 10 1 . The equation ( 12.15b appears in the study of certain Friedmann- 
Lemaitre-Robertson- Walker spaces 11851 . certain scalar field cosmologies II 151 . and many other 
works in Physics and Mathematics (see [147| and references therein). 

The Milne-Pinney equation is defined on M* = R — {0} and it is invariant under parity, i.e. if 
x(t) is a solution, then — x(t) is a solution too. That means that it is sufficient to restrict ourselves 
to analysing this equation in R + . 

As usual, we can relate the Milne-Pinney equation to a system of first-order differential equa- 
tions on TR + 

I x = v, 

-UJ 2 (t) X + 
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by introducing a new auxiliary variable v = x. Then, the i-dependent vector field on TR + 
describing its integral curves reads 

Xt = V 0x + {-" {t)x + ^)0-v- 

This is a Lie system because X t can be written as Xt = L\ + Lu 2 (t)L 3 , where the vector fields 
L\ and L$ are given by 

d k d d 
Li=v— + — — , L 3 = -x—, 
ox x J ov ov 

and satisfy 

[Lx, L3] = 2L2, [L\,L2\ = L\, [L2, £3] = L3, 

with 

1 f d d\ 

i.e. they span a 3-dimensional real Lie algebra of vector fields isomorphic to s((2, R). 

Let us choose the basis ( 12.4b for sl(2, R), which satisfies the same commutation relations as 
the vector fields, Li,L2,L 3 . Actually, it is possible to show that each L a is the fundamental 
vector field corresponding to a Q with respect to the action <E> : (A, (x, v)) € SL(2, K) x TR + i->- 
(x, u) € TR + given by 



' fc + [(/3w + ax)(Sv + -fx) + k{8/3/x 2 ) 



(Sv + ^x) 2 + k(5/x) 2 ' w . th A ^( a (3 



6 2 i 



L , 2 kS 2 / x 2 \ V 7 * 

k^/ (ow + 72;) H j- I 1 



where k is ±1 or 0, depending on the initial point (x, v) and the element of the group SL(2, R) 
that acts on it. In order to obtain an explicit expression for n in terms of A and (x, v), we can use 
the below decomposition for every element of the group SL(2, R) 



A = exp(-aiai) exp(a 3 a 3 ) exp(-a 2 a 2 ) = ( Q 1 ) ( ag 1 



1 ai \ f 1 W e a2/ ^ 



-a 2 /2 



from where we obtain that as = 7<5 and «i = /3/#. As we know that 

$(exp(-a 2 a 2 ), (x,v)) 

is the integral curve of the vector field L2 starting from the point (x, v) parametrised by a,%, it is 
straightforward to check that 

(xi,Ui) = <J>(exp(-a 2 a 2 ), (x,v)) = (exp(a 2 /2)x, exp(~a 2 /2)i;), 

and in a similar way 

(x 2 ,v 2 ) = 3>(exp(a 3 a 3 ), (xi,Ui)) = (xi,a 3 xi +Vi). 

Finally, we want to obtain (x, v) — $(exp(— ai&i), (X2, ^2)), and taking into account that 
the integral curves of L\ satisfy that 
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it turns out that when k > we have v 2 + k/x 2 = v 2 + k/x 2 = A with A > 0. Thus, using this 
fact and ( 12.16b we obtain 

k l ' 2 dv 

= dot\, 



(A- W 2 ) 3 /2 



and integrating v between v 2 and v, 

v A 

Oil 



(A - v 2 ) 1 / 2 



+ 



V-2 



k 1 / 2 (A- W |)l/2 



£1/2 



(aiA + v 2 \x 2 \) ■ 



As k = sign[w], we see that n is given by 
K = sign[ai A + U2|af2|] = sign 



(i , ..o k5p \x\ , . , 
^ X7 + v5) 2 H £ + V( U(5 + ^7 



System ( 12.151 ) has no non-trivial first-integrals independent of ui(t), i.e. there is no function 
I : U C TM + — > R such that X t I = for X determined by any function ui(t). This is equivalent 
to dI(L a ) — on an open U, with a = 1, 2, 3. Thus, the first-integrals we are looking for hold 
that dip is incident to the involutive distribution V p ~ {L2) p , (Ls) p ) generated by the 

fundamental vector fields L a in {/. In almost any point we obtain that V p — T p TR + . Then, as 
dip = in a generic point p E U C TR + , the only possibility is dl — and therefore / is a 
constant first-integral. 

2.4. A new superposition rule for the Milne-Pinney equation. Our aim now is to show that 
there exists a superposition rule for the Milne-Pinney equation ( I2.15l l for the case k > ll53l 
11631 11821 in terms of a pair of its particular solutions lEPfl . The case k < can be analogously 
described. 

In fact, one sees from the first-integral (12.141 that in the particular case of / = g = k, if a 
particular solution x\ is known, there is a i-dependent constant of motion for the Milne-Pinney 
equation given by (see e.g. [53 1): 

2 



h = {x\± — x\x) 2 + k 



(2.17) 



If another particular solution x 2 of the equation ( 12.151 ) is given, then we have another t- 
dependent constant of motion 

2 



h = (x2% — x 2 x) 2 + k 



(2.18) 



Moreover, the two solutions x\ and x 2 provide a function of t which is a constant of the motion 
and generalises the Wronskian W of two solutions of the equation ( 12.151 ) 



J 3 = [xi±2 - x 2 ii) 2 + k 

\X± J \ 

Remark that for any real number a the inequality (a — 1/a) 2 > implies 



(2.19) 
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and the equality sign is valid if and only if \a\ = 1, 

a 2 + = 2^ \a\ = l. 
or 

Therefore, as we have considered k > 0, we see that It > 2 k, for i = 1, 2, 3. Moreover, as the 
solutions xx(t) and x 2 {t) are different solutions of the Milne-Pinney equation, it turns out that 

h > 2k. 

The knowledge of the two first-integrals h and h, together with the constant value of ^3 for 
a pair of solutions of equation (I2.15l l, can be used to obtain the superposition rule for the Milne- 
Pinney equation. In fact, given two particular solutions x% and x 2 , the first-integral (I2.18l l allows 
us to write an explicit expression for x in terms of x, X2 and I2 




and using such an expression with the first-integral (12.17) . we see, after a careful computation, 
that x satisfies the following fourth degree equation 

(7| - ±k 2 )x\ - 2{hh - 21 z k)x\x\ + (I 2 - Ak 2 )x\~ 

- 2{{I 2 h - 2hk)x 2 + {hh - 2I 2 k)x 2 )x 2 + (if - 4fc 2 )x 4 = , (2.20) 

where we have used that h is constant along pairs of solutions, x\ (t), X2 (t) , of the Milne-Pinney 
equation. 

Hence, we can obtain from the condition (12.20b the expression for the square of the solutions 
of the Milne-Pinney equation in terms of any pair of its particular positive solutions by means of 
a superposition rule 



x 2 =kixi + k 2 X2±2J\i 2 [-k(xf+x$) + I 3 xlx%], (2.21) 



where the constants fci and k 2 are given by 



_ hh-2hk _hh-2hk 
1_ /|-4fc 2 ' 2 ~ /|-4fe 2 



and A12 is a constant which reads as follows 



kxkih + H-l + k 2 + fcf) 
I 2 



A12 = Xi2{ki,k 2 ;h, k) = /2 _ 4fc2 = v( / i' / 2;73,fc) , 



where the function <p is given by 

, hhh-{I 2 1 +I 2 2 +ll)k + ^ 
J 2) J S , fc)- (/ |_ 4fc2)2 • 

It is important to remark that if k\ < then k2 > and if &2 < then ki > 0, i.e. if 
fci < then I 2 h < 2/ifc, and thus I 2 < 2kI 1 /I 3 . Therefore, A 2 (lf - Ak 2 ) = hh - 2kl 2 > 
hh - 4k 2 h/h = h(I$ ~ 4fc 2 ) > 0, and thus, as h > 2k, k 2 > 0. Similarly we obtain that 
fca < implies k\ > 0. 

The parity invariance of (12. 15b is displayed by (12. 2U , which gives us the solutions 

x 2 = kix\ + k 2 x 2 2 ± 2^X 12 [-k{xf + xfj + J 3 x\x\ ] . (2.22) 

In order to ensure that the right-hand term of the above formula is positive, which gives rise to 
a real solution of the Milne-Pinney equation, the constants k\ and k 2 in the preceding expression 



46 



J.F. Carinena and J. de Lucas 



should satisfy some additional restrictions. In particular, they must obeying 

Aia[-fc(a4(0) + a£(0)) + h xl(0)x 2 2 (0)\ > 

and 

fcia?(0) + fc 2 z 2 (0) ± 2y / A 12 [-fc(a;f (0) + ^(0)) + I 3 x 2 (0)x 2 (0) ] > 0. 

If these conditions are satisfied, then, differentiating expression (12.221 i in t — for x\ — x\{t) 
and X2 = X2(t) solutions of the Milne-Pinney equation ( I2.151 l, it can be checked that x(0) is also 
a real constant. As x(t) is a solution with real initial conditions, then x(t) given by ( 12.221 ) is real 
in an interval of t and thus all the obtained conditions are valid in an interval of t. 

If we take into account that we have considered ir 2 > 0, we can simplify the study of such 
restrictions by writing (12.221 in terms of the variables X2 and z = [x\jx2) 2 as 

x 2 = x\ (hz + k 2 ± 2V 'A12MO 2 + 1) + ^3 z]) , 

and the preceding conditions turn out to be Ai 2 [— k(z 2 + 1) + I 3 z] > and k\z + fc 2 ± 
2 v /A 12 [-fc(z 2 + l) + I 3 z] >0. 

Next, in order to get Ai 2 [— k(z 2 + 1) + I3 z] > 0, we first notice that this expression is not 
definite because its discriminant is X\ 2 (I 2 — 4k 2 ) > 0, and this restricts the possible values of k\ 
and /c 2 for a given z. With this aim we define the polynomial P(z) given by 

P(z) = -k{z 2 + l)+I 3 z, 

with roots 

h ± y/Ij - 4fc 2 

Z = Z± = 2k ' 

which can be written in terms of the variable a 3 = I 3 /2k as 

z±=a 3 ± \Jal~l. 

As a 3 > 1, then a 3 > \Ja 2 — l > and thus z± > 0. The sign of the polynomial P(z) is 
displayed in Fig. 1. 

The region M.+ x R + splits into three regions, 

A = {(xi,x 2 ) E M.+ x R + I xi > y/z^x 2 }{J{(xi,x 2 ) e 1+ x 1 + I n < Jz~x 2 } , 
B = {(x 1 ,x 2 ) £ K+ x i + ^fzZx2 < xi < y/z^x 2 } 
separated by the region 

C = {{xi,x 2 ) E R+ x R + I xx = y/z^x 2 }[J{(xi,X2) G M+ x K + I xi = ^fz~x 2 } 

of the straight lines x\ = ^fz^X2 and xi = ^J~zZx2- The condition to make Ai 2 P(z) non- 
negative in region A, where the polynomial P takes negative values, is to choose k\ and fc 2 so 
that Ai 2 (fci, fc 2 , ^3, k) < 0. Similarly, as P is positive in region B we have to choose k\ and fc 2 
such that Ai 2 (fci, fc 2 , ^3, k) > 0. Finally, as P vanishes in region C, there is no restriction on the 
coefficients k\ and fc 2 . 

Once we have stated the conditions for Ai 2 P(z) to be non-negative we still have to impose 
the condition 

hz + k 2 ± 2 y /\ 1 2[-k{z 2 + l) + I 3 z} > 0. (2.23) 
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Xi 



s = x\ = y/z^x 2 

t = xi= ^fotixi 




r=x\ = s fzZx 2 



X2 



Fig. 1. Sign of the polynomial P(xi, X2). 



In order to study these conditions, we study the sign of the polynomial 

P h ,k(z, fci, k 2 ) = (k lZ + k 2 f - 4A 12 [-fc(z 2 + 1) + I 3 z] 

1 (aki + bk 2 ) , 



II - 4fc 2 



where 



if - 4fc 2 



1$ - 4fc 2 ' 



As we remarked before, the constants fci, k 2 cannot be both negative. Let K denote the set 

K = M 2 - {(fci, k 2 ) e M 2 I k x < 0, k 2 < 0} 

and consider three cases: 

1. If (x\,x 2 ) € A, then as P(z) < 0, it must be A12 < in order to satisfy Xi 2 P(z) > 0. In 
this case, if K\ and K 2 are the sets 



K = { (fci,fc 2 ) € K; \l- t 2 {Z ] I * 2 > \ak 1+ bk 2 \ } , 



Jf - 4fc 2 



K 2 = { (k u k 2 ) € K- J- 1 P(Z ][ 3 2 < \ah + bk 2 \ 



Jf - 4fc 2 



We find the following particular cases 

(a) If (fci, k 2 ) S K lt then P h . k {z, fci, fc 2 ) > 0. 

(b) If (fci, k 2 ) e if 2 then Pj 3l k(,z, fci, fc 2 ) < 0, 
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that can be summarised by means of Figure 2. 

A 2 

















Ai 






\ K 2 \ 








Ki \ 





Fig. 2. Sign of the polynomial Pj 3i k{z, fci, fe) in K. 

2. If (xi,X2) G -B, as -P(z) is positive, then A12 must also be positive, A12 > 0. Thus for 

(fei, hi) €KiU K 2 , P h , k (z, h, k 2 ) > 0. 

3. If (x 1 ,x 2 ) € C, then for (fci, fc 2 ) € iTi U iv~ 2 , Pi 3 ,k{z, fci, k 2 ) > 0. 

In those cases in which Pj 3 ,k(z, fei, ^2) > 0, we can assert that 

l&i* + fe 2 | > 2\/Ai2[-fc(2 2 + l)+/3^] 

but we still have to impose that X±z + X 2 > for (I2.231 l to be positive. Nevertheless, this is very 
simple, because if the pair (ki,k 2 ) does not satisfy k\z + k 2 > 0, the pair of opposite elements 
(— fci, — k 2 ) does it, while the other conditions are invariant under the change ki — > —ki with 
i = 1,2. 

In those cases in which Pj 3 ,k(z, fei, £2) < we can assert that 

|fciz + fc 2 | < 2^J\ l2 [-k{x\ + x^)+hxlxl] 
and in this case the unique valid superposition rule is 

/ \ 1 /2 

x= \x 2 \ [k lZ + k 2 + 2^J \ 12 [-k(z 2 + 1) + h z]\ 
which is equivalent to 

x = (hxj + k 2 x\ + 2J\ 12 [-k(x\ + x\) + hx\x\ ]) 
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Note that if we had considered no restriction on k\, k 2 , we would have obtained real and 
imaginary solutions of the Milne-Pinney equation. 

Expression ( 12.22b provides us with a superposition rule for the positive solutions of the Pinney 
equation ( 12.151 ) in terms of two of its independent particular positive solutions. Therefore, once 
two particular solutions of the equation (12.15b are known, we can write its general solution. 
Note also that, because of the parity symmetry of (12.15) , the superposition ( 12.22b can be used 
with both positive and negative solutions. In all these ways we obtain non-vanishing solutions 
of ( 12.15b when k > 0. Mutatis mutandis, the above procedure can also be applied to analyse 
Milne-Pinney equations when k < 0. 

A similar superposition rule works for negative solutions of Milne-Pinney equation ( 12. 15b : 

1/2 



x = - [k 1 xl + k2xl±2^\ 12 {-k{x\ + x\)+hx\xl)j , (2.24) 
where once again x\ and x 2 are arbitrary solutions. 

2.5. Painleve-Ince equations and other SODE Lie systems. In this section we show a new 
relevant instance of SODE Lie systems including, as particular instances, some Painleve-Ince 
equations |93|. In the process of analysing that this particular case of Painleve-Ince is a SODE 
Lie system, we find a much larger family of SODE Lie systems which frequently occur in the 
mathematical and physical literature. 

Consider the family of differential equations 

x + 3xx + x 3 = f(t), (2.25) 

with f(t) being any i-dependent function. The interest in these equations is motivated by their 
frequent appearance in Physics and Mathematics 1 66] I7T1 [1341 . The different properties of these 
equations have been deeply analysed since their first analysis by Vessiot and Wallenberg [224 
229] as a particular case of second-order Riccati equations. For instance, these equations appear 
in JT06] in the study of the Riccati chain. There, it is stated that such equations can be used to 
derive solutions for certain PDEs. In addition, equation (12.25b also appears in the book by Davis 
[86], and the particular case with f(t) — has recently been treated through geometric methods 

ingmga. 

The results described in previous sections can be used to study differential equations (12.25b . 
Let us first show that the above differential equations are SODE Lie systems and, in view of 
Proposition 1, they admit a superposition rule that is derived. According to definition ! 1.531 equa- 
tion ( 12.251 ) is a SODE Lie system if and only if the system 



x = v, 

„3 



(2.26) 



{ v = -3xv - x A + f(t), 
determining the integral curves of the i-dependent vector field of the form 

X PI {t,x,v)=X 1 (x,v) + f(t)X 2 (x,v), (2.27) 

with 



d d d 

X 1 =v—-(3xv + x 3 ) — , X 2 = Tr , 
ox ov Ov 



is a Lie system. 
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In view of the decomposition ( 12.27b . all equations ( 12.251 ) are SODE Lie systems if the vector 
fields X\ and X 2 are included in a finite-dimensional real Lie algebra of vector fields V. This 
happens if and only if Lie({Xi,X2}) span a finite-dimensional linear space. We consider the 
family of vector fields on TR given by 

„ d ,„ 3 . d v d 

Xi=V- (SXV + X ) — , JC2 — TT~ , 

OX ov ov 

v d d d 2 d 

X a = -—+3x — , X 4 =x- 2a;—, 

ox ov ox ov ,2 28) 

X 5 = (v + 2z 2 )|- - x(v + 3x 2 )|-, X G = 2x(v + x 2 )^- + 2(v 2 - z 4 )|-, 
ox ov ox ov 

9 d „ d . d 

X 7 = a; — , X s = 2x—+4:V — , 

ox ov ox ov 

where X 3 = [X 1 ,X 2 ], -3X 4 = [X U X 3 ], X 5 = [Xt,X 4 ], X 6 = [X lt X B ], X 7 = [X 2 ,X 5 ], 
X$ = [X 2 ,Xe], and then the vector fields, X\, . . . , X&, are linearly independent over K.. Their 
commutation relations read 



[Xi,X 2 ] 


= X 3 , 


[Xi,X 3 ] 


= —3X4, 


[Xi,X 4 ] 


= x 5 , 


[Xi,X 5 ] 


= Xe, 


[Xi,X B ] 


= 0, 


[Xi,X 7 ] 


= \x s , 


[X U X 8 ] 


= -2X1, 


[X 2 ,X 3 ] 


= 0, 


[X 2 ,X 4 ] 


= 0, 


[X 2 ,X S ] 


= x 7 , 


[X 2 ,X 6 ] 


= Xs, 


[X 2 ,X 7 ] 


= 0, 


[X 2 ,X S ] 


= 4X 2 , 


[X 3 ,X 4 ] 


= -x 7 , 


[X 3 ,X B ] 


= -\xs, 


[X 3 ,X 6 ] 


= -2X1 , 


[X 3 ,X 7 ] 


= -2X2, 


[X 3 ,X 8 ] 


= 2X 3 , 


[X 4 ,X 5 ] 


= -X x , 


[X 4 , Xe] 


= 0, 


[X 4 ,X 7 ] 


= x 3 , 


[X4, Xs] 


= o, 


[X S ,X 6 ] 


= 0, 


[X 5 ,X 7 ] 


= —3X4, 


[X 5 ,X 8 ] 


= -2X d , 


[X 6 ,X 7 ] 


= -2X5, 


[Xe,Xg] 


= -4X e , 


[X 7 ,X a ] 


= 2X 7 , 



(2.29) 



In other words, the vector fields, X\, . . . , Xg, span an eight-dimensional Lie algebra of vector 
fields V containing X\ and X 2 . Therefore, equation (12.25b is a SODE Lie system. Moreover, the 
elements of the following family of traceless real 3x3 matrices 

Mi = 



Mo = 



M, 



My 






-1 


v 












j , M 2 = 








0. , 














1 





•) 


M 4 = 





-1 









1 









- 


:■) 


M 6 = 























-1 








I , M 8 = 







1 0. 






obey the same commutation relations as the corresponding vector fields, X\,. . . ,X%, i.e. the 
linear map p : s((3,R) — > V, such that p(M a ) = X a , with a — 1, ... ,8, is a Lie algebra 
isomorphism. Consequently, the finite-dimensional Lie algebra of vector fields V is isomorphic 



Lie systems: theory, generalisations, and applications 



51 



to s((3,K) and the systems of differential equations describing the integral curves for the t- 
dependent vector fields 

8 

X(t,x,v) = ^b a (t)X a (x,v), (2.30) 

a=l 

are Lie systems related to a Vessiot-Guldberg Lie algebra isomorphic to s((3, R). 

Many instances of the family of Lie systems ( 12.301 1 are associated with interesting SODE 
Lie systems with applications to Physics or related to remarkable mathematical problems. In all 
these cases, the theory of Lie systems can be applied to investigate these second-order differential 
equations, recover some of their known properties, and, possibly, provide new results. Let us 
illustrate this assertion by means of a few examples. 

Another equation appearing in the Physics literature ifTTI l72l 12181 which can be analysed by 
means of our methods is 

x + 3xx + x 3 + Aix = 0, (2.31) 

which is a special kind of Lienard equation x' + f(x)x + g(x) = 0, with f(x) = 3x and g(x) = 
x 3, + Xix. The above equation can also be related to a generalised form of an Emden equation 
occurring in the thermodynamical study of equilibrium configurations of spherical clouds of gas 
acting under the mutual attraction of their molecules [88 1. 

As in the study of equations (12.25b . by considering the new variable v — x, equation ( 12.311 ) 
becomes the system 

{x = v, 
, (2.32) 
v = — 3xv — x — Xix, 

describing the integral curves of the vector field X = X% — Xi/2(Xj + X3) included in the 
family ( 16.13b . 

Finally, we can also treat the equation 

x + 3xx + x 3 + f(t)(x + x 2 ) + g(t)x + h(t) = 0, (2.33) 



describing, as particular cases, all the previous examples 1 134|. The system of first-order differ- 
ential equations associated with this equation reads 

{x — v, 
(2 34) 
v = -3xv ~x 3 - f(t)(v + x 2 ) - g(t)x - h{t). 

Hence, this system describes the integral curves of the i-dependent vector field 

X t = X x - h(t)X 2 - (X 8 - 2X 4 ) - i 9 (i) (X 7 + X 3 ). 

Therefore, equation (12.33) is a SODE Lie system and the theory of Lie systems can be used to 
analyse its properties. 

Some particular cases of system (12.33b were pointed out in Il72lll34 l. Additionally, the case 
with f(t) = 0, g(t) = u 2 (t) and h(t) = was studied in 0711 and it is related to harmonic 
oscillators. The case with g(t) = and h(t) = appears in the catalogue of equations possess- 
ing the Painleve property 111261 . Additionally, our result generalises Vessiot's contribution [225| 
describing the existence of an expression determining the general solution of a system like ( 12.33b 
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(but with constant coefficients) in terms of four of their particular solutions, their derivatives and 
two constants. 

Finally, it is worth noting that the second-order differential equation (12.33b is a particular 
case of second-order Riccati equations ll66l 11061 . Such equations were analysed through Lie 
systems in ll77l . The approach carried out in that paper is based on the use of certain ad hoc 
changes of variables which transform second-order Riccati equations into some Lie systems. The 
advantage of our approach here is that it allows us to study equations (12.33b without using, as 
it was performed in [77 1, any ad hoc transformations. In addition, our presentation along with 
the theory of quasi-Lie schemes can be used to perform a quite complete study of second-order 
Riccati equations in a systematic way l48ll . 



2.6. Mixed superposition rules and Ermakov systems. Let us now turn to show how the theory 
developed in Section [L7l for mixed superposition rules works. By adding some, probably differ- 
ent, Lie systems to an initial one, we get new Lie systems that admit constants of motion which 
do not depend on the ^-dependent coefficients of these systems and relate the different solutions 
of the constituting Lie systems. Moreover, if we add enough copies, these constants of the motion 
can be used to construct a mixed superposition rule. 

We here investigate Ermakov systems. These systems are formed by a second-order homoge- 
neous linear differential equation and a Milne-Pinney equation, i.e. 

k 

x 3 {x,y) e R + . 

V = -u 2 (t)y, 

These systems have been broadly studied in Physics and Mathematics since its introduction until 
the present day. In Physics they appear in the study of Bose-Einstein condensates and cosmologi- 
cal models II 1 091 1 1 15111521 and in the solution of ^-dependent harmonic or anharmonic oscillators 
ll87ll96l[Tonil50N192ll204l . A lot of works have also been devoted to the usage of Hamiltonian 
or Lagrangian structures in the study of such systems, see e.g. [ 194|. Here we recover a constant 
of the motion, the so-called Lewis-Ermakov invariant [ 150|, which appears naturally. 

In order to use the theory of Lie systems to analyse Ermakov systems, consider the system of 
ordinary first-order differential equations WT\ 11461 



k (2-35) 

-oj 2 (t)x + 



. v y = ~0J 2 {t)y, 



defined over TM^_ and built by adding the new variables x = v x and v y = y to the Ermakov 
systems and satisfying the conditions explained in Section [L7l Its solutions are the integral curves 
for the ^-dependent vector field 

Xt ^ V 4x + V 4y + + i) lk ~ ^ty ' 
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which is a linear combination with f-dependent coefficients, X t = X\ + uj 2 {t)X^, of 







d 



Ox ay 
Taking into account the vector field 



X 2 = 



1 



d_ 

dx 



k d 

x 3 dv x 

d 



Xo = -X 



_d_ 

dv x 



d 

ov v 



_d_ 

dv x 



_d_ 

' ' dv,. 



8y WU X VUy, 

the vector fields X\, X 2 and X$ span a three dimensional Lie algebra isomorphic to s((2, R). In 
this way, this system is a SODE Lie system related to a Lie algebra of vector fields isomorphic to 
s((2,R). 

The vector fields, L\,L2,L%, associated with the Milne-Pinney equation (see Section 1231 ) 
span a distribution of rank two on TR + . Consequently, there is no local first-integral / such that 
(L\ + Lo(t) 2 {t)L2)I = for any given ui(t). In other words, Milne-Pinney equations do not 
admit a common i-independent constant of the motion. 

By adding the other s((2,R) linear Lie system appearing in the Ermakov system, i.e. the 
harmonic oscillator with t-dependent angular frequency cj (f ), the distribution spanned by X\ , X 2 
and X% has rank three over a dense open subset of TR^_. Therefore, there is a local a first-integral. 



This one can be obtained from X±F 
function F : R 3 -j 
X\F — is written 



XoF 



such that F(x, y, v x , v y ) = 
dF dF 



+ 

0. But X^F = implies that there exists a 
= F{x,y,C), with ^ = yv. 



xv y , and then 



k]L dF_ 

X 3 dt; 



<J X rs T Vy 

ox oy 

and we obtain the associated system of characteristics 

ydx — xdy x 3 d£ d(y/x 

1 = — ~T 

From here, the following first-integral is found [150] 

2 



X dt; 

ky 



ip(x,y,v x ,v y ) = k ^ 



(yvx 



XVy) 2 



' v -) +e = k( y - 

vl/ \X/ 

which is the well-known Ermakov-Lewis invariant Il87lll461ll921 . 

Once we have obtained a first-integral, we can obtain new constants by adding new copies 
of any of the systems we have already used. For instance, consider the system of first-order 
differential equations 



(2.36) 



X — 


Vx, 


y = 




z = 


Vz, 


Vx = 


-uj 2 (t)x 


Vy = 




v z = 


-L0 2 (t)z, 



which corresponds to the vector field 
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The t-dependent vector field X t can be expressed as X t = Ni + uj (t)N 3 where ATj and N 3 are 

d d d k d d d d 
Ni = v x — + v y — + v z — + N 3 = -x- y- z — . 

ox ay oz x 6 av x ov x ov y ov z 

These vector fields generate a three-dimensional real Lie algebra with the vector field iV2 given 
by 

N --fx— — ------ JL 

2 2 \ dx ^ dy dz x dv x v dv y Vz dv Z/ 

In fact, they span a Lie algebra isomorphic to sl(2, R) because 

[N u N 3 ] = 2N 2 , {Ni, N 2 ] = N u [N 2 ,N 3 ] = N 3 . 

The distribution spanned by these fundamental vector fields has rank three in a open dense 
subset of TK^_. Thus, there exist three local first-integrals for all the vector fields of the latter 
distribution. In other words, system (12.36) admits three i-independent constants of the motion 
which turn out to be the Ermakov invariant I\ of the subsystem involving variables x and y, the 
Ermakov invariant I 2 of the subsystem involving variables x and z, i.e. 

h = ~ ({yv x - xvy f + k j , I 2 = i ((xv z - zv x ) 2 + k (J^ 



and the Wronskian W = yv z — zv y of the subsystem involving variables y and z. They define 
a foliation with three-dimensional leaves. We can use this foliation to obtain in terms of it a 
superposition rule. That is reached by describing x in terms of y, z and the integrals Ii : I 2 , W, 
i.e. _ 

x = ^ (l 2 y 2 + hz 2 ± y/Ahh - kW 2 yz^j ^ . (2.37) 



This can be interpreted, as pointed out by Pinney 111821 . as saying that there is a superposition 
rule allowing us to express the general solution of the Milne-Pinney equation in terms of two in- 
dependent solutions of the corresponding harmonic oscillator with the same t-dependent angular 
frequency. 

2.7. Relations between the new and the known superposition rule. We can now compare the 
known superposition rule for the Milne-Pinney equation 

x{t) = ^ (l 2 y\{t) + hy 2 2 {t) ± y/U^-kW* yi{t)y 2 (t)) 1/2 , (2.38) 

where j/i (t) and y 2 (t) are two independent solutions of 

y = -cu 2 (t)y, (2.39) 

and ( 12.221) and check that actually the latter reduces to the former when x\ and x 2 are obtained 
from solutions y\ and y 2 of the associated harmonic oscillator equation. 

Let yi and y 2 be two solutions of ( 12.39b and W its Wronskian. Consider the two particular 
positive solutions of the Milne-Pinney-equation x\ (t) and x 2 (t) given by 

Mt) = y§-Jc iy 2 (t)+C 2 y 2 (t), 

1 1 (2.40) 

*a(t) = M-^C 2 y 2 {t)+C iy 2 (i) : 
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where C\ < C 2 and we additionally impose 

4CiC 2 = kW 2 . (2.41) 

The ^-dependent constant of the motion ^3 given by (12.19b for the two particular solutions of 
the Milne-Pinney equation can then be expressed as a function of the solutions y\ and y 2 of the 
i-dependent harmonic oscillator and its Wronskian W. After a long computation I3 turns out to 
be 

and then using the explicit form ( 12.40b of the particular solutions and taking into account the 
constant ( 12.421 ) in d2.22t we obtain that 



hx'i + k 2 x z 2 ± 2 x /X 12 (-k(xj + xj) + hx\x 2 2 ) = {dkx + C 2 k 2 )vl 



+ (dk 2 + C 2 h)y 2 2 ) ± —y/Aidk! + C 2 k 2 ){C x k 2 + C 2 h) - kW 2 Vl y 2 . (2.43) 
Consequently, from the superposition rule (12.22) . we recover expression (12. 37) : 

\/2 / ^ 

x = y—^ yj imft + \i 2 y\ ± yf^ibi - kW 2 y lV2 , (2.44) 

where 

f/xi = (Cih + c 2 h), 

{ & = (Cik 2 + C a fci). 

Once we have stated the superposition rule, we still have to analyse the possible values of Ai and 
A2 that we can use in this case. If we use the expression ( 12.421 i we obtain after a short calculation 
the following values z± 

z + = m^ z - = w->- (2A5) 

Now if we write yf and y 2 in terms of x\ , x 2 and W from the system (12.401 1 we obtain 



1 f Ci -C 2 \ ( x( \ f y( 



C\-Cl \-C 2 d J V A J \ vl 
Therefore, as C 2 > C\ the condition of y\ and , y\ being positive is 

f dx\ < dx\ 



(2.46) 



(2.47) 



[ C 2 x\ > dx\ 

and it is satisfied if x\lx\ < C 2 /d = ACl/kW 2 = z + and x\jx\ > d/C 2 = AC 2 /kW 2 = 
Z-, because of ( 12.411 ). Thus, (x\,x 2 ) € B and therefore the only restrictions for k\,k 2 are 
A12 > and k\x\ + k 2 x\ > 0. Obviously, by means of the change of variables (12.40) this 
last expression is equivalent to [i\y\ + H 2 y 2 > and thus jii and fi 2 cannot be simultaneously 
negative. Furthermore, \\ 2 (I 2 — 4k 2 ) = 4[ii/j, 2 — kW 2 . As we have said that A12 > then 
4/xi//2 > kW 2 , i.e. fj,ifi 2 is positive and thus, /ii and fi 2 are positive. In this way we recover 
the usual constants of the known superposition rule of the Milne-Pinney equation in terms of 
solutions of an harmonic oscillator. 
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= 6i(t) + b 2 (t)x + b 3 (t)x 2 



(2.48) 



2.8. A new mixed superposition rule for the Pinney equation. In this section we derive a 
mixed superposition rule for the Milne-Pinney equation in terms of a Riccati equation. Consider 
again the i-dependent Riccati equation 

dx 
~dt 

which has been studied in [50, 63] from the perspective of the theory of Lie systems. We have 
already mentioned that this Riccati equation can be considered as the differential equation de- 
termining the integral curves for the t-dependent vector field ( ll.251 l. This vector field is a linear 
combination with t-dependent coefficients of the three vector fields, Xi , X2 , X 3 , given by (11.26b . 
which close on a three-dimensional real Lie algebra with defining relations ( 11.27b . Consequently, 
this Lie algebra is isomorphic to sl(2, R). Note also that the commutation relations ( 11.27b are the 
same as ( 12.3b . 

Take now the following particular case of Riccati equation 

dx 
~dt 

This Riccati equation reads in terms of the X{ as the equation of the integral curves of the t- 
dependent vector field X t = Xi + ui 2 (t)X 3 . Thus, we can apply the procedure of the Section [L"7l 



1 +LU 2 (t) X 2 



and consider the following differential equation in 

Xl = 1 



x TI 



to 2 (t)x 2 , 



X2 
X 3 



■u) 2 (t)x 2 2 , 



■oj 2 {t)x. 



3i 



where (xi, x%, x 3 ) € M. 3 , x € 
the following vector fields 

d 



v = —oj 2 (t)x 
and (x, v) € T X R^ 



According to our general recipe, consider 



Mi = 



+ 



M, 



M 3 = 



dx\ 

d 
dx\ 

2 d 
H dx, 



dx 2 



X2 



d 
dx 3 
d 
dx 2 
d 



X3 



d_ 

dx 
d 
dx 3 
d 



k d 
x 3 dv ' 
1 
2 



d 







dx dv 



x- 



d 



dx 2 dx 3 dv ' 
that, by construction, satisfy same commutation relations as before, i.e. 

[Mi , M 3 ] = 2M 2 , [Mi , Af 2 ] = Mi , [M 2 , M 3 ] = 



M 3 



and the full system of differential equations can be understood as the system of differential 
equations for the determination of the integral curves of the t-dependent vector field M(t) = 
Mi + u> 2 (t)M 3 . The distribution associated with this Lie system has rank three in almost any 
point and then there exist locally two first-integrals. As 2 M2 = [M\, M3], it is enough to find the 
common first-integrals for M\ and M 3 , i.e. a function F : M a — >• E such that M\F — M 3 F = 0. 
We first look for first-integrals independent of x 3 . i.e. we suppose that F depends just on 
and v. Using the method of characteristics, the condition M 3 F = implies that the 
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characteristics system is 

dx\ dx2 dv dx 

That means that for such a first-integral for M 3 , which depends on X\, x 2 , x and v, there is a 
function F : M 3 — >• M such that F(x±, x 2 , x, v) = F(I±, I 2 , h), with I\, I 2 and I 3 given by 

h = , h = , h = x. 

X\ X2 X\ X 

Now, in terms of F, the condition M-yF = M±F = implies 

2hdF 2I 2 dF , <9F^ , , T „ r%T / 2 ^ <9F 



7 3 9/i J 3 dl 2 oh J dli \ ID dl 2 

Thus the linear term on v and the other one must vanish independently. The method of char- 
acteristics applied to the first term implies that there exists a map F : M 2 — > R such that 

F(I U I 2 ,I 3 ) = F{K 1 ,K 2 ) where 

Ki = y, K 2 = I 2 I\ . 

Finally, taking into account the last result in M\F = 0, we get 

. ^ kKA OF / \ dF n 

K *- K ^lq)w;-{ K i + K- 2 )oK 2 = ' 

and by means of the method of characteristics expression ( 12.491 1 involves 

-2 1 7^ kK 



dKi K x +K 1 -- R i 



which gives us the first-integral 



dK 2 K 2 + £ 

C^K 2+ k + K " 



K X K 2 

that in terms of the initial variables reads 



x I (x\ — x 2 )x 2 

If we repeat this procedure with the assumption that the integral does not depend on x 2 we obtain 
the following first-integral 



[xx - x 3 )x 2 

It is a long but easy calculation to check that both are first-integrals of M\,M 2 and M 3 . We can 
obtain now the general solution x of the Milne-Pinney equation in terms of x\ , x 2 , x 3 , C\ , C 2 , as 



(Ci(xi - x 2 ) - C 2 {x\ - x 3 )) 2 + k(x 2 - x 3 ) 2 



y (C 2 - Ci)(x 2 - x 3 ){x 2 - xi)(x\ - x 3 ) 

where C\ and C 2 are constants such that, once X\ (t), x 2 (t) and x 3 (t) have been fixed, they make 
x(0) given by the latter expression be real. 

Thus we have obtained a new mixed superposition rule which enables us to express the gen- 
eral solution of the Pinney equation in terms of three solutions of Riccati equations and, of course, 
two constants related to initial conditions which determine each particular solution. 
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3. Applications of quantum Lie systems 



In Sections [L9l and [L~8l it is proved that we can make use of the geometric theory of Lie systems to 
treat a certain kind of Schrodinger equations, those related to the so-called quantum Lie systems. 
In this section we use this point of view to investigate Quantum Mechanics. 

First, we develop the geometric theory of reduction for quantum Lie systems. Reduction 
techniques have already been put into practice to study Lie systems ll40l l47l l50l l63ll . In these 
works, a variety of reduction methods and other closely related topics are analysed. Most of these 
methods are based on the properties of a special type of Lie system in a Lie group associated with 
the Lie system under study. As quantum Lie systems can also be related to such a type of Lie 
system in a similar way as any Lie system, we can apply most of the methods developed in the 
aforementioned works to analyse Quantum Lie systems. This is the main purpose of the present 
section. 

In detail, we start by analysing the reduction technique for quantum Lie systems and we 
complete some previous classic achievements about the topic. We next show that the interaction 
picture can be explained from this geometrical point of view in terms of this reduction technique. 
Furthermore, the method of unitary transformations is analysed from our perspective to exemplify 
that quantum Lie systems associated with solvable Lie algebras of linear operators, in similarity 
with the classical case, can be exactly solved. On the other hand, systems related to non-solvable 
Lie algebras can be solved in particular cases. Both cases can be analysed to reproduce some 
results on the method of unitary transformations in particular cases found in the literature. 

3.1. The reduction method in Quantum Mechanics. We here review the reduction techniques 
explained, for example, in ll40l BTl l63l l . While in some previous works certain sufficient condi- 
tions to perform a reduction process were explained [40. 63], here we show that these conditions 
are also as necessary ll5Tl . Additionally, we use the geometric reduction technique to explain the 
interaction picture used in Quantum Mechanics and we review, from a geometric point of view, 
the method of unitary transformations. 

In Section fOl it was shown that the study of Lie systems can be reduced to that of finding the 
solution of the equation 



with g(0) = e. 

The reduction method developed in [40 1 shows that given a solution x(t) of a Lie system on 
a homogeneous space G/H, the solution of the Lie system in the group G, and therefore the 
general solution in the given homogeneous space, can be reduced to that of a Lie system in the 
subgroup H. More specifically, if the curve g(t) in G is such that x(t) = $(g(t),x(0)), with 
$ being the given action of G in the homogeneous space, then g(t) = g(t)g'(t), where g'(t) 
turns out to be a curve in H which is a solution of a Lie system in the Lie subgroup H of G. 
Actually, once the curve g(t) in G has been fixed, the curve g'(t), that takes values in H, satisfies 



r 




(3.1) 
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the equation ll40l 

R g >-Ug'g' = -Adig- 1 ) ^ b a {t)a a + Rg-Ugtj = a'(t) € T e H . (3.2) 

This transformation law can be understood in the language of the theory of connections. It 
has been shown in [40, 60| that Lie systems can be related to connections in a bundle and that the 
group of curves in G, which is the group of automorphisms of the principal bundle Gxl [60], 
acts on the left on the set of Lie systems on G, and defines an induced action on the set of Lie 
systems in each homogeneous space for G. More specifically, if x(t) is a solution of a Lie system 
in a homogeneous space N defined by the curve a(t) in g, then for each curve g(t) in G such that 
g(0) = e we see that x'(t) — &(g(t), x(t)) is a solution of the Lie system defined by the curve 

a'(i) = R-g-^ s S + Ad(3)a(t), (3.3) 

which is the transformation law for a connection. 

In conclusion, the aim of the reduction method is to find an automorphism g(t) such that the 
right-hand side in d3.31 > belongs to T e H = h for a certain Lie subgroup H of G. In this way, the 
papers [40, 60 1 gave a sufficient condition for obtaining this result. In this section we study the 
above geometrical development in Quantum Mechanics and we determine a necessary condition 
for the right-hand side in (13. 3t to belong to h. 

Quantum Lie systems are those ^-dependent self-adjoint Hamiltonians such that 

r 

H(t) = J2 b *(t)H a , (3.4) 

a=l 

with iH a closing under the commutator of operators on a finite-dimensional real Lie algebra 
of skew-self-adjoint operators V. Therefore, by regarding these operators as fundamental vector 
fields of a unitary action of a connected Lie group G with Lie algebra g isomorphic to V, we 
can relate the Schrodinger equation to a differential equation in G determined by curves in T e G 

r 

given by a(i) = — ^^& Q (t)a Q by considering —iH a as fundamental vector fields of the basis of 

a=l 

g given by {a Q \a = l,...,r}. 

Now, the preceding methods enable us to transform the problem into a new one in the same 
group G, for each choice of the curve g(t) but with a new curve d!(t). The action of G on H is 
given by a unitary representation U, and therefore the i-dependent vector field determined by the 
original i-dependent Hamiltonian H(t) becomes a new one with t-dependent Hamiltonian H'(t). 
Its integral curves are the solutions of the equation 

where 

-iH'(t) = -zU(g(t))H(t)uHg(t)) + U(m)U\g(t)) 
That is, from a geometric point of view, we have related a Lie system on the Lie group 
G to certain curve &(t) in T e G and the corresponding system in H determined by a unitary 
representation of G to another one with different curve &'(t) in T e G and its associated one in H. 

Let us choose a basis of T e G given by {c a \ a = 1, . . . , r} with r — dim g, such that 
{c a | a = 1, . . . , s} be a basis of T e H, where s = dim h, and denote {c a \ a = 1, . . . , r} the 
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dual basis of {c a | a = 1 , . . . , r}. In order to find g such that the right-hand term of (13.3) belongs 
to T e H for all i, the condition for g is 

c a (Ad(<?)a(i) + Rg-u-g§) = 0, a = s + 1, . . . , r . 

Now, if 6 a is the left invariant 1-form on G induced from c a , the previous equation implies 

Rg-i* e &{t) ~ = ' a = s + l,...,r. 

Let be g — g~ 1 , the latter expression implies that Rg W &(t) — g is generated by left invariant 
vector fields on G from the elements of f). Then, given ir L : G — >• G / H, the kernel of ir^ is 
spanned by the left invariant vector fields on G generated by the elements of f). Then it follows 

7r^(i^ e a(i) - g) = . (3.5) 

Therefore, if we use that tt^ o — —X^ o tt l , where X^ denotes the fundamental vector 
field of the action of G in G/H and X^ denotes the right-invariant vector field in G whose value 
in e is a a , we can prove that Tr L (g) is a solution on G/H of the equation 

dn L (~g) 



dt 



J2b a (t)X^ L (g)). (3.6) 



Thus, we obtain that given a certain solution g'(t) in fj related to the initial g(t) by means of 
g(t) according to g(t) = g(t)g'(t), then the projection to G/H of g{t), i.e. ir L (g(t)), is a solution 
of ( 13.6b . This result shows that whenever g'(t) is a curve in H, then <?(t) satisfies equation (13.6b . 
Moreover, as it has been shown in [40|, if g(t) satisfies 13.61 . then g'(t) is a curve in H satisfying 
13.21 l. The previous result shows that such a condition for obtaining 13.21 ) is not only sufficient but 
necessary too. Thus, we provide a new result which completes that one found in fiol . 

Finally, it is worth noting that even when this last proof has been developed for Quantum 
Mechanics, it can also be applied to ordinary differential equations, because it appears as a con- 
sequence of the group structure of Lie systems which is the same for both quantum and ordinary 
Lie systems. 

3.2. Interaction picture and Lie systems. As a first application of the reduction method for Lie 
systems, we analyse here how this theory can be applied to explain the interaction picture used 
in Quantum Mechanics. This picture has been proved to be very effective in the developments 
of perturbation methods. It plays a role when the i-dependent Hamiltonian can be written as a 
linear combination with ^-dependent coefficients of a simpler Hamiltonian Hi and a perturbation 
V(t). In the framework of Lie systems, we can analyse what happens when the i-dependent 
Hamiltonian is 

r r 

H{t) =H X + V(t) =H! + Y^ b a (t)H a = b a {t)H a , h{t) = 1, 

a=2 a=l 

where the set of skew-self-adjoint operators {—iH a \ a = 1, . . . , r} is closed under commutation 
and generates a finite dimensional real Lie algebra. The situation is very similar to the case of 
control systems with a drift term (here Hi) that are linear in the control functions. The functions 
b a (t) correspond to the control functions. 
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According to the theory of Lie systems, take a basis {a a \ a = 1, . . . , r} of the Lie algebra 
with corresponding associated fundamental vector fields —iH a . The equation to be studied in 
T e G is the one ( 13. U and whether we define g'(t) — g(t)g(t), where g(t) is a previously chosen 
curve, it obeys a similar equation for g'(t) given by ( 13.3b . 

If, in particular, we choose g(t) = exp(ait), we find the new equation in T e G 

Rg>-i* g >g' = -Ad(exp(ait)) ^2 ^(^aj = - exp(ad(ai)t) M*) a a^ ■ (3.7) 

Correspondingly, the action of G on H by a unitary representation defines a transformation on T~L 
in which the state ip t transforms into %jj' t = exp(iHit)rpt an d its dynamical evolution is given by 
the vector field corresponding to the right-hand side of (13.7b . In particular, if {&2, . . . , a r } span 
an ideal of the Lie algebra g, the problem reduces to the corresponding normal subgroup in G. 

3.3. The method of unitary transformations. A second application of the theory of Lie systems 
in Quantum Mechanics and, in particular, of the reduction method is to obtain information about 
how to proceed to solve a quantum Lie Hamiltonian. Let us discuss here a general procedure to 
accomplish this task. 

Every Schrodinger equation of Lie type is determined by a Lie algebra g, a unitary repre- 
sentation of its connected and simply connected Lie group G on H, and a curve a(i) in T e G. 
Depending on g, there are two cases. If g is solvable, we can use the reduction method in Quan- 
tum Mechanics to obtain the general solution. If g is not solvable, it is not known how to integrate 
the problem in terms of quadratures in the most general case. Nevertheless, it is possible to solve 
the problem completely for some specific curves as for instance it happens for the Caldirola- 
Kanai Hamiltonian 1 1 1 81 . A way of dealing with such systems consist in trying to transform the 
curve a(t) into another one af(t), easier to handle, as it has been done in the previous section 
for the interaction picture. In a more general case than the interaction picture, although any two 
curves a(t) and a'(t) are always connected by an automorphism, the equation determining the 
transformation can be as difficult to solve as the initial problem. Because of this, it is interesting 
to look for a curve that: 

1 . It determines an easily solvable equation. 

2. It can be transformed through an explicitly known transformation into the curve associated 
with our initial problem. 

This is the topic of next three sections, where conditions for such Schrodinger equations are 
analysed. In any case, we can always express the solution of the initial problem in terms of 
a solution of the equation determining the transformation. In certain cases, for an appropriate 
choice of the curve g(t) the new curve a'(t) belongs to T e H for all t, where H is a solvable 
Lie subgroup of G. In this case we can reduce the problem from g to a certain solvable Lie 
subalgebra h of g. Of course, in order to do this, a solution of the equation of reduction is needed, 
but once this is known we can solve the problem completely in terms of it. Other methods have 
alternatively been used in the literature, like the Lewis-Riesenfeld (LR) method. However, this 
method seems to offer a complete solution only if g is solvable. If g is not solvable, the LR 
method offers a solution which depends on a solution of a system of differential equations, like 
in the method of reduction. 
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To sum up, given a Lie system an associated with a Lie algebra g, whose Lie group G acts, 
by unitary operators, on H, and determined by a curve a(i) in T e G, the systematic procedure to 
be used is the following: 

• If g is solvable, we can solve the problem easily by quadratures as it appears in |94 107 1 . 

• If g is not solvable, we can try to solve the problem for a given curve like in the Caldirola- 
Kanai Hamiltonian in 111 811 . by choosing a curve g(t) transforming the curve a(i) into 
another one easier to solve, like in the interaction picture. If this does not work we can 
try to reduce the problem to an integrable case like in the i-dependent mass and frequency 
harmonic oscillator or quadratic one dimensional Hamiltonian in [52.. 96 . i2 1 11 12381 . 

3.4. f-dependent operators for quantum Lie systems. In this section we apply our methods to 
obtain the i-dependent evolution operators of several problems found in the Physics literature in 
an algorithmic way. 

We first provide a simple example in order to illustrate the main points of our theory. Next, 
we analyse t-dependent quadratic Hamiltonians. These Hamiltonians describe a very large class 
of physical models. Sometimes, one of these physical models is described by a certain family of 
quadratic Hamiltonians associated with a Lie subalgebra of operators of the one given for general 
quadratic Hamiltonians. If this Lie subalgebra is solvable, the differential equations related to it 
through the Wei-Norman methods are solvable too and the i-evolution operator can be explicitly 
obtained. In these cases, we can find the explicit solution of these problems in the literature using 
different methods for each case. We also describe some approaches to study these quantum Lie 
systems in the non-solvable cases. 

3.5. Initial examples. We start our investigation by studying the motion of a particle with a 
i-dependent mass under the action of a i-dependent linear potential term. The Hamiltonian de- 
scribing this physical case is 

H V = 2^ + S ® X - 

The Lie algebra associated with this example is a central extension of the Heisenberg Lie 
algebra. A basis for the Lie algebra of vector fields related to this physical model is 

pi 

Zi=i— , Z 2 = iP, Z 3 = iX, Zi=il, 
which closes on a Lie algebra under the commutation relations 

[Z u Z 2 ]=0, [Z 1 ,Z 3 ]=2Z 2 , [Z 1 ,Z < ]=0, 

[Z 2 ,Z 3 ] = Z 4 , [Z 2 ,Z 4 }=0, 

[Z 3 ,Z 4 }=0. 

This Lie algebra is solvable, and then, the related equations obtained through the Wei-Norman 
method, can be solved by quadratures for any pair of i-dependent coefficients m(t) and S(t). The 
solution of the associated Wei-Norman system allows us to obtain the i-evolution operator and 
the wave function solution of the i-dependent Schrodinger equation. 

This i-dependent Hamiltonian has been studied in M221I for some particular cases using ad- 
hoc methods and in general in [94|. Here, we investigate it through the Wei-Norman method. Its 
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equation in the group G with T e G ~ V, is 

1 

m(t)' 

where th,e a±, . . . , 0,4, are a basis of g closing on the same commutation relations as the operators, 
Z\, . . . , Z4. The factorisation 

g(t) = exp(u 2 (t)a2)exp(-W3(t)a3)exp(-W4(t)a 4 )exp(-wi(t)ai), 

allows us to solve the equation in G by the Wei-Norman method to get 

1 



i ! 2 



m(t) ' 

m{t) ' 
1*3 = S(t) , 

V4 = -S(t)v2 



2m(t) ' 

with initial conditions «i(0) = t>2(0) = 1*3 (0) = ^4(0) = 0. The solution of this system can be 
expressed using quadratures because the related group is solvable 

rt du 



m(u) ' 
: du 

m(u) 
v 3(t) — I S(u)du 



V 2 (t) = / -pr / S(v)dv 

J m(u) \J 



(3.8) 



dv ( f v „, , . \\ . f* du ' rU x 1 



u sw u s ^) ) du - l ^ u s(,,)d " 

and the t-evolution operator is 

U(g(t)) = exp(w 2 (i)Z 2 )exp(- t ;3(i)Z3)exp(- U 4(t)Z4)exp(-w 1 (t)Z 1 ) 

p2 

— exp(iv2\t)P) exp(—iv3(t)X) exp(— w>4(t)I) exp(—wi (£) — ). 

3.6. Quadratic Hamiltonians. After dealing with an easy example before, we can proceed now 
in a similar way in order to treat the i-dependent quadratic Hamiltonian given by |237| (see [59|) 

H(t) = a(t) ^ + (}(t) XP + PX + 7(t ) ^! + § (t)P + c(i) X + <j>{t)I, (3.9) 
where X and P are the position and momentum operators satisfying the commutation relation 

[X,P]=iI. 

It is important to solve this quantum quadratic Hamiltonian because it frequently appears in 
Quantum Mechanics. 

In order to prove that (13.9) is a quantum Lie system, we must check that this ^-dependent 
Hamiltonian can be written as a sum with t-dependent coefficients of some self-adjoint Hamilto- 
nians closing on a real finite-dimensional Lie algebra of operators. 
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As we can write 

H{t) = a(t) Hi + 0(f) H 2 + 7 (f) H 3 - S(t) H A + e(f) H 5 + <t>{t) H e , 
with the Hamiltonians 

Hi = ^, H 2 = ±(XP + PX), H 3 = ^-, 

H 4 = -P, H 5 =X, H 6 = I, 
satisfying the commutation relations 



iHi, 


M 2 ] 


= M U 


[iH 2 ,iH 3 ] 


= M 3 , | 


iH 3l iH 4 ] = iH 5 , [iH^ M 5 


m, 


M 3 ] 


= 2iH 2 , 


[iH 2 ,iHi] 




iH 3 ,iH 5 }=0 } 


m, 


iHi] 


= 0, 


[M 2 ,iH 5 ] 


= ~H 5 , 






iH B ] 


= -Mi , 








[iH a , iH 6 


] = 0, a = 


1, . . . , 5, we 


get that H{t) 


is a quantum Lie system. 



This means that the skew-self-adjoint operators i H a generate a six-dimensional real Lie V 
algebra of operators. Now, we can relate them to the basis {ai, . . . , for an abstract real Lie 
algebra isomorphic to the one spanned by the —iH a . This basis is chosen in such a way that 

[ai,a 2 ] = ai, [a 2 ,a 3 ] = a 3 , [a 3 ,a 4 ] = a 5 , [a 4 ,a 5 ] = -a 6 , [a 5 ,a 6 ] = 0, 
[ai,a 3 ]=2a 2 , [a 2 , a 4 ] = ~ a 4 , [a 3 ,a 5 ]=0, [a 4 ,a 6 ]=0, 

[ai,a 4 ]=0, [a 2 ,a 5 ] = ia 5 , [a 3 ,a 6 ]=0, 

[ai,a 5 ] = -a 4 , [a 2 ,a 6 ] = 0, 
[ai,a 6 ] = 0. 

This six-dimensional real Lie algebra is a semidirect sum of the Lie algebra st(2, K) spanned by 
{ai, a 2 , a 3 } and the Heisenberg-Weyl Lie algebra generated by {a 4 , as, a.^}, which is an ideal. 

In order to find the i-evolution provided by the t-dependent Hamiltonian (13.9b we should find 
the curve g(t) in G, with T e G ~ V, such that 

6 

Rg-i* g 9= -^2b a (t)a, a , g(0) = e, 

a=l 

with 

h(t) = a{t) , b 2 (t) = /3(f) , bs(t) = 7 (t) , bi(t) = -5{t) , b 5 (t) = e(t) , b 6 (t) = 4>(t) . 

This can be carried out by using the generalised Wei-Norman method, i.e. by writing the 
curve g(t) in G in terms of a set of second class canonical coordinates. For instance, 

g(t) = cxp(-i;4(£)a4)exp(-V5(i)a5)exp(-v 6 (i)a 6 )x 

x exp(-vi(i)ai)exp(-v 2 (t)a 2 )exp(-v 3 (i)a 3 ), (3.10) 

and a straightforward application of the above mentioned Wei-Norman method technique leads 
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to the system 



vi = bi + b 2 V\ + 63 v\ 



< v 2 = b 2 + 2 63 vi , 



V3 



v 4 = b 4 + -b 2 v 4 + bi v 5 



h = b 5 - 63 v 4 - - b 2 v 5 



h = b 6 - b 5 v 4 + i 63 v\ - i 61 vl, 



(3.11) 



with »i(0) = «a(0) = «s(0) = w 4 (0) = « 5 (0) = wb(0) = 0. 
If we consider the following vector fields 



X 2 
X 3 
X 4 

x 5 
x 6 



d 



t'5 







d 

dv 4 
d 



1 2 d 



1 



9^6 ' 

5 



dvi dv 2 
d 



2 cw 4 



2ui 



9«2 



ov a 0V5 



1 



2 4 ^ fi 



(3.12) 



u 4 



_9_ 



1 9 

2^ 

9 d 

n dvi 
d 

dv4 ' 
_d_ 

dv 5 
d 

we can check that these vector fields satisfy the same commutation relations as the corresponding 
{a Q I a = 1, . . . , 6} and thus, system (13. lit is a Lie system related to the same Lie algebra as the 
^-dependent Hamiltonian ( 13.91 ) or its corresponding equation in a Lie group. 

Now, once the functions v a (t), with a — 1, . . . , 6, have been determined, the t-evolution of 
any state is given by 

ipt = exp(-v 4 (t)iH 4 ) exp(-v 5 (t)iH 5 ) exp(-v 6 (i)ii? 6 ) x 

x exp(-vi(t)iHi) e?q)(-v 2 (t)iH 2 ) exp(-v 3 (t)iH 3 )4> , 

and thus 



ipt = exp(v 4 (t)iP) exp(— v${t)iX) exp(— v%(t)il)x 

2 



p2\ / PX + XP\ ( x 2s 
x exp ( -vi(t)i— ) exp I -v 2 (t)i J exp ( -v 3 (t)i— ) ip a . (3.13) 



3.7. Particular cases, t-dependent quadratic Hamiltonians describe a very large class of physical 
models. Sometimes, one of these physical models is described by a certain family of quadratic 
Hamiltonians that can be regarded as a quantum Lie system related to a Lie subalgebra of the one 
given for general quadratic Hamiltonians. If they are associated with a Lie solvable subalgebra, 
then the system of differential equations related to it through the Wei-Norman method is solvable 
too and the devolution operator can be explicitly obtained. In this section we treat some instances 
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of this case through a unified approach. In these instances, we can also find the explicit solutions 
of these problems in the literature, but by different ad hoc methods. 

Once we have obtained the solution for a generic quadratic Hamiltonian H(t), we can review 
the solution for a system with constant mass and linear potential given by 

H(t) = £- + S(t)X, (3.14) 

to obtain, in view of equations ( 13.1 U . 

t 

vi(t) = - 
m 

wa(t) = 0, 
v 3 (t) = 0, 

Vi{t) = — / ( / S(v)dv I du, 
mln V./n / 



v 5 (t) = / S(u)du, 

JO t 2 

M t ) = ~J ( S ^J (J S ( wS > dw ) dv ) du ~ (J S(v)dv\ du, 

which give the t-evolution operator if we substitute them into the ^-evolution operator (13.13) . 

Now we can consider particular instances of this t-dependent Hamiltonian. For example, for 
the curves with constant mass m and S(t) = qeo + q e cos(wt), studied in 1 107 1, we obtain 

«l(*) = — , «2(*) = 0, v s (t)=0, 
m 

V4,(t) = — — r (2e + eoOj 2 t 2 — 2e cos(o;t)) , fgff) = —{e^t + e sin(wi)) , 

and 

-a 2 
12mw 6 

3e(4e + 2e (w 2 i 2 - 2) - 3e cos(wt)) sin(wt)) . 

The procedure to obtain a solution with arbitrary non-constant mass and Sit) = qeo + 
qe cos(wi) was pointed out in 11071 and solved in ll94l . From our point of view, the most general 
solution comes straightforwardly from expression (13. 8) . because all cases in the literature are 
particular instances of our approach with general functions m(t) and S(t). 

Now, we can obtain the wave function solution of this system. We know that the wave function 
solution ip t with initial condition tpo is 

( p2 \ 

— exp(iv 6 (t)) exp(-V4(t)iP) exp(-v 5 (t)iX) exp I —v\{t)i— \ 4> {x). 

However, if we express the initial wave function tpo(x) in the momentum space as 4>o(p), the 
solution will take a similar form as before but with U (g{t)) in the momentum representation. In 
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this case the solution with initial condition <fio(p) is 

<t>t(p) = U(g(t))Mp) 

= exp(~iv 6 (t)) exp(v 4 (i)iP) exp(-v 5 (t)iX) exp ^-J«i(t)yj 4>o{p) 

= exp(-iv 6 (t)) exp(vi(t)iP) exp(-v 5 (t)iX) exp f _i?; i(*)y^ (f> (p) 

= exp(-i« 6 (*))exp(« 4 (t)iP)exp (-ivi(t) ^ + \ <f>o(p + v 5 (t)) 

= exp (-iv 6 (t) + ivi{t)p - ivi(t) ^ + \ c/> (p + v 5 (t)). 



3.8. Non-solvable Hamiltonians and particular instances. In the preceding section the differ- 
ential equations associated with the i-dependent quantum Hamiltonians were Lie systems related 
to a solvable Lie algebra. Thus, it was proved that the differential equations obtained were inte- 
grable by quadratures through the Wei-Norman method. If this does not happen, it is not easy 
to obtain a general solution. Now, we describe some examples of 'non-solvable' i-dependent 
quadratic Hamiltonians. In general we do not obtain a general solution in terms of the i-dependent 
functions of the quadratic Hamiltonians. Nevertheless, we show that for some instances of them, 
whose coefficients satisfy certain integrability conditions [52, 54 1, the differential equations can 
be integrated. 

As a first case, consider the Hamiltonian for a forced harmonic oscillator with i-dependent 
mass and frequency given by 

H ® = v~n\ + \ m ^ 2 ^ x2 + m x ■ 

2m(t) 2 

This case, either with or without t-dependent frequency, has been studied in [78, 107 238 1. 
The equations describing the solutions of this Lie system by the method of Wei-Norman are 

Vl = — |— + m(t)uj 2 (t)v 2 , 
m(t) 

i>2 = 2m(t)u} 2 (t)vi, 
v 3 = e V2 m(t)uj 2 {t), 
1 

V4 = —777^5, 

m[t) 



v 5 = /(t)-m(*K(t)«4 



2 w w 4 ■' w 2m(t) 

with initial conditions i>i(0) = t>2(0) = t>3(0) = ^4(0) = ^5(0) = ve(0) = 0, where the fac- 
torisation (13.10b has been used. The solution of this system cannot be obtained by quadratures 
in the general case because the associated Lie algebra is not solvable. Nevertheless, we can con- 
sider a particular instance of this kind of Hamiltonian, the so-called Caldirola-Kanai Hamiltonian 
Ml 181 . In this case, for the particular i-dependence m(i) = e~ rt mo, uj(t) ~ u>o and f(t) = the 
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Hamiltonian reads 

Hit) - ^e rt + lm e~ rt u 2 Q X 2 

In this case the solution is completely known and is given by 

2e rt 

wi(*) 



m (r + oj coth (f w )) ' 



v%{t) = rt + 2 log luq — 2 log ( r sinh ( ~Wq ) + wo cosh [ 



2 J V 2 



2mo<jJo 



^(*) = " ,, , , - 

r + ljq coth [%t0o) 
v 4 (t) = 0, « B (t) = 0, w 6 (t) = 0, 



where d>o = \/r 2 — 4wq. This example shows that the problem may also be exactly solved 
for particular instances of curves in g of Lie systems with non solvable Lie algebras. Another 
example is the following one 

w 2m 2(t + k) 2 
for which the solution of the Wei-Norman system reads 

2(k + t)((k + t)°° - k°°) 
Vl ^' ~ m{k a °(uj - 1) + (fc + t)*°{Q + 1)) ' 
V2 [t) = (1 + w ) log(ft + t) - (1 + w ) log k + 2 log{2k Qo u) ) 

- 21og(fc< So (w - 1) + (fc + i)°°(wo + 1)) , 

_ 2mwg (fc + t)*° - k°° 

V3 ^' ~ k k°° (w - 1) + (fc + t)°° (w + 1) 
«4(*) = 0, w B (t) = 0, «»(*) = 0, 



where now wo = yl — 4wf. 

Other examples of Hamiltonians, which can be studied by our method, can be found in 111 181 
We just mention two examples which can be completely solved 

H x {t) = J^ + l mo (U + Vcos(u Jo t))X 2 , 
2mo 2 



H 2(t) = — e rt + -m e- rt uj 2 X 2 + f(t)X . 



P 2 rt 1 

e rt + -i 

2m Q 2 

The first one corresponds to a Paul trap which has been studied in |95| and admits a solution in 
terms of Mathieu's functions. The second one is a damped Caldirola-Kanai Hamiltonian analysed 
in EH]. 

3.9. Reduction in Quantum Mechanics. Quite often, when a quantum Lie system is related 
to a non-solvable Lie algebra, it is interesting to solve it in terms of (unknown) solutions of 
differential equations. Next, we study some examples of how to proceed with the method of 
reduction in order to deal with problems in this way. So, we obtain that the reduction method can 
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be applied not only to analyse systems of differential equations but also enables to solve certain 
quantum problems in an algorithmic way. 

Consider a harmonic oscillator with f-dependent frequency whose Hamiltonian is given by 

H{t) = ^ + \tf{t)X 2 . 

As a particular case of the Hamiltonian described in Section 11.81 this example is related to an 
equation in the connected Lie group associated with the semidirect sum of sl(2, R), spanned by 
the elements {ai, &2, a,^}, with the Heisenberg Lie algebra generated by the ideal {a,4, as, &§} 

iVi* s <? = -ai-0 2 (*)a 3 , g(0) = e. (3.15) 

Since the solution of this equation starts from the identity and {ai, a.2, &$} close on a sl(2, K) Lie 
algebra, then the t-dependent Hamiltonian Hit) is related to the group SL(2, K). 

As a particular application of the reduction technique we will perform the reduction from 
G = SL(2, R) to the Lie group related to the Lie subalgebra f) = (ai) . To obtain such a reduction, 
we have shown in Section lXTI that we have to solve an equation in G/H, namely 



dt ^ 

a=l 



b a {t)X^{g)) (3.16) 



where are the fundamental vector fields of the action A of G on G/H. Now, we are going to 
describe this equation in a set of local coordinates. First, in an open neighbourhood U of e e G 
we can write any element of this open in a unique way as 

g = exp(-C3a 3 )exp(-C2a 2 )exp(-ciai), (3.17) 

where the matrices a Q , with a = 1, 2, 3, are given by (12.41 i. 

This decomposition allows us to establish a local diffeomorphism between an open neigh- 
bourhood V C G/H and the set of matrices given by exp(— exp(— C2&2). Now, the de- 
composition ( 13.171 ) reads in matrix terms as 

a P\ _ ( 1 \ / e C2 / 2 \/l ci 
7 S )~ V -Ca 1 J \ e-^-' 2 ) \ 1 

e C2 / 2 \ / 1 ci 

-c 3 e C2 / 2 e- C2 ' 2 ) V 1 

If we express ci, C2, C3 in terms of a, f3, 7 and 6, we obtain that C3 = — 7/a, C2 = log a 2 , and 
Ci = f3/a. Consequently, we get 

a p \ _ ( 1 \ / a 0\/l/3/a\_/a \ / 1 /3/a 
7 i j " ( ]/a 1 j i a 4 j i 1 J _ V 7 a" 1 J V 1 

Thus, we can define the projection ix L : U C G — > G/H given by 

",)-(' °->) H - 

which allows us to represent the elements of G/H, locally, as the 2x2 lower triangular matrices 
with determinant one. Now, given A g : g'H € G/H H> gg'H 6 G/H as X g o ir L = ir L o L g , 
the fundamental vector fields defined in G/H by ai and a 3 through the action A : (g,g'H) 6 
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G x G/H i-> X g {g'H) £ G/H are given by 



*iV(ff)) = 37 



n L I exp(— t&i) 



exp(-ia 3 ) 



a 


P 


7 


S 


a 


P 


7 


6 



-7/c 



-a 



7 



and the equation on V C G/iJ is described by 

d 

7 — 

Therefore, we need to obtain a solution of the system 

J a = -ft 2 (i)a, 
\ 7 = 

Then, taking into account ( 13 . 1 8b . if a-y is a solution of the system ( 13.191 ), the curve g(t) that 
satisfies g(t) — g(t)h(t), where h(t) is a solution of an equation defined on the Lie group with 
Lie algebra \) = (ai), reads 



(3.19) 



m 











-c 3 e 



c 2 /2 p -c 2 /2 



exp ( ^-a 3 ) exp(-21ogaia 2 ), 



and the curve which acts on the initial equation in SL(2, K) to transform it into one in the men- 
tioned Lie subalgebra is given by g(t) — <7 -1 (t), 

g(t) = exp(2 logai a 2 ) exp a 3 

V "i 

This curve transforms the initial equation in the group given by ( 13.15b into the new one given by 
(EDI i.e. 



a'(i) = - 



«?(*) 



which corresponds to the i-dependent Hamiltonian = P 2 / (2af (t)). The induced transfor- 

mation in the Hilbert space H that transforms H(t) into is 

.logai 



exp z 



■(P1 + 1F) exp 



2ai 



Both results can be found in [96 1. 

There are other possibilities of choosing different Lie sub algebras of g in order to perform the 
reduction, however the results are always given in terms of a solution of a differential equation. 



4. Integrability conditions for Lie systems 

The main aim of this chapter is concerned with the description of the main aspects of the inte- 
grability theory for Lie systems detailed in [47 1 and based on the geometrical understanding of 
Riccati equations. 

The Riccati equation can be considered as the simplest nonlinear differential equation [40. 
SOj. It is, basically, the only first-order ordinary differential equation admitting a nonlinear su- 
perposition rule 01571 12341 . In spite of its apparent simplicity, its general solution cannot be 
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described by means of quadratures with the exception of some very particular cases []63] 11321 
[T69lfT83ll2T4l 12391 . 

The relevance of Riccati equation becomes evident when we take into account its frequent 
appearance in many fields of Mathematics and Physics El Q39] [176] [184] [203] [207] [216] [234) . 
This also implies the necessity of a theory of integrability providing all those integrable cases 
that might lead to solvable physical models. 

4.1. Integrability of Riccati equations. In order to provide a first insight into the study of in- 
tegrability conditions for Riccati equations, we review here some very well-known results about 
this topic. 

Recall that Riccati equations are first-order differential equations of the form 

^^b 1 (t) + b 2 (t)x + b 3 (t)x 2 . (4.1) 
at 

A first particular example of Riccati equation integrable by quadratures is the one with b 3 = 0. 
In fact, in such a case, Riccati equation reduces to an inhomogeneous linear equation, which can 
be explicitly integrated by means of two quadratures. 

Additionally, the change of variable w = —1/x transforms the above Riccati equation into 
the new one 

^ = b 1 {t)w 2 -b 2 (t)w + b 3 {t). 

Consequently, if we suppose that b\ = in equation (14. U , that is, if we consider a Bernoulli 
equation, the mentioned change of variable leads to an integrable linear equation. 

Another known property on the integrability of Riccati equations establishes that given a 
particular solution X\(t) of (14. Il l, the change x = xi(t) + z permits us to transform a Riccati 
equation into a new one for which the coefficient of the term independent of z is zero, i.e. 

dz 

— = (2b 3 (t) Xl (t) + b 2 {t))z + b 3 (t) z 2 , 

and, as we pointed out previously, this equation reduces to an inhomogeneous linear equation 
with the change of variables z = —1/u, Consequently, the knowledge of a particular solution 
of a Riccati equation allows us to find its general solution by means of two quadratures. It is 
worth recalling that this property can be more generally understood by means of the theory of 
Lie systems. Indeed, this theory states that the knowledge of a particular solution of a Lie system 
enables us to reduce the initial equation into a 'simpler' one, see Section [TT2l or [40|. 

If we know two particular solutions, x\ (t) and x 2 {t), of equation d4.ll ). its general solution can 
be determined with one quadrature. Indeed, the change of variable z = (x — x\ (t))/(x — x 2 (t)) 
transforms the original equation into a homogeneous linear differential equation and, hence, the 
general solution can be immediately found. 

Finally, giving three particular solutions, x\ (t) , x 2 (t) , x 3 (t), the general solution can be writ- 
ten, without making use of any quadrature, in terms of the superposition rule (11. lit . 

The simplest case of Riccati equation, i.e. the one with b\, b 2 and b 3 being constant, has been 
fully studied and it is integrable by quadratures, see in example [64|. This can be viewed as the 
consequence of the existence of a constant (maybe complex) solution, permitting us to reduce the 
equation into an inhomogeneous linear one. Note also that, in a similar way, separable Riccati 
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equations of the form 



= <p(t)(ci +C2X + C3 x 2 ) , 

at 



with ip(t) being a non-vanishing function, are integrable, because they admit a constant solution 
again, which enables us to transform the equation into a linear inhomogeneous one again. On 
the other hand, the integrability of the above equation can also be related to the existence of a 
t-reparametrisation, reducing the problem to an autonomous one. 

4.2. Transformation laws of Riccati equations. We here describe an important property of 
Lie systems, in the particular case of Riccati equations, playing a relevant role for establishing 
integrability criteria: The group Q of curves in a Lie group G associated with a Lie system acts 
on the set of the related Lie systems. 

More explicitly, consider a family Xl, X2, X3, of vector fields on R, e.g. the set given 
in ( 11.26b . spanning the Vessiot-Guldberg Lie algebra of vector fields associated with Riccati 
equations and isomorphic to sl(2, R). In terms of this family, each Riccati equation (14. jj is re- 
lated to a ^-dependent vector field X t — bi(t)Xi + b2(t)X 2 + b^{t)X^, which can be consid- 
ered as a curve (61 (t), 62^), 63^)) in R 3 . Each element A of the group of smooth curves in 
SX(2,R), i.e. A £ G = Map(R, 5L(2,R)), transforms every curve x(t) in R into a new one 
x'(t) = $(A(t),x(t)) by means of the action $ : (A,x) G «SX(2,R) xl^ $(A,x) € R of the 
form: 

( ax + /3 ,8 

— F x T , x T 00, 

+ O 7 

a/7 x = 00, where A = I I . (4.2) 



$(A,x) = < 



7 S 



5 

x = , 

7 

Moreover, the above t-dependent change of variables transforms the Riccati equation d4.U into a 
new one with i-dependent coefficients b[ , b' 2 , 63 given by 

63 = S 2 63 — £7 62 + 7 2 b\ + jS — Sj , 

b' 2 = -2 P8 63 + {ad + /3j) b 2 - 2 a 7 b x + Set - aS + f3j - 7/3 , (4.3) 
b[ = f3 2 63 - a(3 b 2 + a 2 bx + a/3 - Pa . 

Indeed, the above expressions define an affine action of the group Q on the set of Riccati equa- 
tions. In other words, given the elements A\.A 2 G Q, transforming the coefficients of a general 
Riccati equation by means of two successive transformations of the above type, e.g. first by A\ 
and then by A 2 , gives exactly the same result as doing only one transformation with the element 
A 2 ■ Ax ofg, see ll63"l[T5fl. 

The group Q also acts on the set of equations of the form (11.31b on SX(2,R). In order to 
show this, note first that Q acts on the left on the set of curves in SL(2, R) by left translations, i.e. 
given two curves A(t),A(t) C <SX(2,R), the curve A(t) transforms the curve A(t) into a new 
one A'(t) — A(t)A(t). Moreover, if A(t) is a solution of equation (II. 3U . then the curve A'(t) 
satisfies a new equation like ( 11.31b but with a different right hand side &'(t). Differentiating the 
relation A'{t) = A(t)A(t) and taking into account the form of (11.31b . we get that, in view of the 
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basis (12.4b . the relation between the curves a(t) and a'(t) in st(2, R) is 

3 

a'(i) = A(t)a(i)A _1 (i) + A^A^it) = - V 6^(t)a a , 



Q = l 



(4.4) 



which yields the expressions ( 14.3b . Conversely, if = is the solution for the equa- 

tion corresponding to the curve a!(t) given by the transformation rule (I4.4K then A(t) is the 
solution of the equation ( 11.31b determined by the curve a(i). 

Summarising, we have shown that it is possible to associate each Riccati equation with an 
equation on the Lie group SL(2, K) and to define an infinite-dimensional group of transforma- 
tions acting on the set of Riccati equations. Additionally, this process can be easily derived in a 
similar way for any Lie system, see P71 . 

4.3. Lie structure of an equation of transformation of Lie systems. Let us construct a Lie 
system describing the curves in SL(2, R) which transform the Riccati equation associated with 
an equation on SX(2,R) characterised by the curve a(t) C sl(2,R) into the Riccati equation 
associated with the curve a!(t) C sl(2,R). By means of this Lie system, we later explain the 
results derived in flTl in order to describe, from a unified point of view, the developments of the 
works ||40ll50l. 

Multiply equation ( 14.4b on the right by A(t) to get 

A{t) = a'(t)A(t) - A(t)a(t) . (4.5) 

If we consider the above equation as a system of first-order differential equations in the coeffi- 
cients of the curve A(t) in SL(2, R), with 



A(t) 

then system ( 14.5b reads 



a(t) 
7(i) 



5(t) 



i 61 \ 








7 




V 8 ) 





( 


b' 2 -b 2 
2 


b 3 


b[ 





\ 




~h 


b' 2 +b 2 
2 





b[ 






-b's 





b' 2 +b 2 
2 






\ 





-b's 


-h 


b' 2 -b 2 
2 


/ 



a(t)6(t)-l3(t)j(j:) = l, 



I a \ 

P 
7 
S 



(4.6) 



V s J 



The solutions y(t) — (a(t), (3(t),j(t), 5(t)) of the above system relating two given Riccati equa- 
tions are associated with curves in SL(2, R), i.e. they are such that, at any time, aS — j3j = 1. 
Nevertheless, we can drop such a restriction for the time being as it can be implemented by a re- 
straint on the initial conditions for the solutions and, hence, we can treat the variables, a, j3, 7, 6, 
in the system d4.6l ) as being independent. In this case, this linear system can be regarded as a 
Lie system linked to a Lie algebra of vector fields isomorphic to g((4, R). Nevertheless, it may 
also be understood as a Lie system related to a Lie algebra of vector fields isomorphic to a Lie 
subalgebra of g((4, R). Indeed, consider the vector fields 
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spanning a Vessiot-Guldberg Lie algebra of vector fields isomorphic to g = sl(2, R) sl(2, R) C 
g[(4,R). Consequently, the linear system of differential equation (14.61 > is a Lie system on R 4 
associated with a Lie algebra of vector fields isomorphic to g, see PTTll . 

If we denote y = (a, /3, 7, S) € R 4 , system ( 14.61 l is a differential equation on R 4 of the form 

d i = m,y), (4.7) 

with A*" being the i-dependent vector field 

3 

N t = Y / (b a (t)N a +b' a (t)N' a ). 

a=l 

The vector fields {N±, N2, A3, N[, N%, N^} span a regular distribution T) with rank three in 
almost any point of R 4 and thus there exists, at least locally, a first-integral for all the vector fields 
in the distribution T>. The method of characteristics allows us to determine that this first-integral 
can be 

I :y=(a,P, 7, 5) e R 4 i-> det y = aS - £7 e R. 

Moreover, this first-integral is related to the determinant of a matrix A g SX(2,R) with coeffi- 
cients given by the components of y = (a, j3, 7, S). Therefore, if we have a solution of the system 
d4~6l with initial condition such that dety(O) = a(0)<5(0) - ,8(0)7(0) = 1, then dety(t) = 1 
at any time t and the solution can be understood as a curve in SL(2, R). Summarising, we have 
proved the following theorem. 

THEOREM 4.1. The curves in SX(2,K) transforming equation ( 17.371 ) into a new equation of 
the same form characterised by a curve a'(t) = — b' a (t)sL a are described through the 

solutions of the Lie systems 

3 3 
^ = N(t,y) = £ b a (t)N a (y) + £ l/ a WL(v)- (4-8) 

a— 1 a— 1 

swc/z f/zaf det y(0) = 1. Furthermore, the above Lie system is related to a non-solvable Vessiot- 
Guldberg Lie algebra isomorphic to sl(2, R) ® st(2, R). 

A consequence of the above Theorem is the following corollary, whose proof is omitted and 
left to the reader. 

COROLLARY 4.2. Given two Riccati equations associated with curves a'(t) and a(t) in sl(2, R), 
there always exists a curve A(t) in SX(2,R) transforming the Riccati equation related to &(t) 
into the new one associated with a'(t). Furthermore, if A(0) = I, this curve is uniquely defined. 

Even if we know that given two equations on the Lie group SX(2,R) there always exists 
a transformation relating both, in order to obtain such a curve we need to solve the differential 
equation ( 14. 7t which, unfortunately, is Lie system related to a non-solvable Vessiot-Guldberg. 
Consequently, it is not easy to find its solutions in general as, for instance, it is not integrable by 
quadratures. 

Nevertheless, many known and new properties on integrability conditions for Riccati equa- 
tions can be determined by means of Theorem l4.ll Furthermore, the procedure to obtain the Lie 
system (14.7b can be generalised to deal with any Lie system related to a Lie group G with Lie 
algebra g (cf. B71 ). 
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4.4. Description of some known integrability conditions. Note that Lie systems on G of the 
form dl.3U determined by a constant curve, a = — Y^ a =i c a a a, are integrable and, therefore, 



the same happens for curves of the form a(t) 




where D = D (t) is a non- 



vanishing function, as a i-reparametrisation reduces the problem to the previous one. 

Our aim now is to determine the curves A(t) in SL(2,M.) transforming the equation on 
SL(2, R) characterised by a curve a(t) into the equation on SL(2, R) characterised by a'(t) = 
— D(ci&i + C2&2 + C3a3), with D = D(t) a non-vanishing function and c\c^ 7^ 0. As the 
final equation is associated with a solvable one-dimensional Vessiot-Guldberg Lie algebra, the 
transformation establishing the relation to such a final integrable equation allows us to find by 
quadratures the solution of the initial equation and, therefore, the solution for its associated Ric- 
cati equation. In order to get the transformation between the Riccati equations linked to the before 
equations on SL(2, R), we look for particular curves A(t) in SL(2, R) satisfying certain condi- 
tions in order to get an integrable equation (14.6) . Nevertheless, under the assumed restrictions, we 
may obtain a system of differential equations which does not admit any solution. In such a case, 
the conditions ensuring the existence of solutions will describe integrability conditions. As an 
application we show that many known achievements about the integrability of Riccati equations 
can be recovered and explained in this way. 

We have already showed that Riccati equations (14. U . with bibs = 0, are reducible to linear 
differential equations and therefore they are always integrable [57 1 . Hence, they are not interest- 
ing in the study of integrability conditions and we can focus our attention on reducing Riccati 
equations with &1&3 7^ into integrable ones by means of the action of a curve in SL(2, R). With 
this aim, consider the family of curves with f3 = and 7 = 0, i.e. take curves in SL(2, R) of the 
form 

a(t) 
S(t) 

The curve A(t) in 5L(2,R) determines a ^-dependent change of variables in R given by 
x'(t) = $(A(t), x). In view of the action (I4.2t . and as aS = 1, we get that the previous change 
of variables reads 



A{t) 



C SL(2,] 



a(t)S(t) 



1. 



x' = a 2 {t)x = G{t)x, 



(4.9) 



In view of the relations (14.31 l. the initial Riccati equations is transformed, by means of the curve 
A(t), into the new Riccati equation with t-dependent coefficients 

b\ = a 2 b\ , b' 2 — a 5 b2 + a 8 — a S , b' 3 = S 2 b^ . 

Moreover, the functions a(t) and 5(t) are solutions of the system ( 14.7b , which in this case reduces 
to 



/ a \ 














V 8 J 





/ 


b' 2 -b 2 
2 


63 







\ 




-6l 


b' 2 +b 2 
2 





b[ 






~b' 3 





b' 2 +b 2 
2 


63 




V 





-b's 


-h 


b' 2 -b 2 
2 


/ 



















V 8 J 



(4.10) 



The existence of solutions for the above system related to elements of SL(2, R) that satisfy the 
required conditions determines the integrability of a Riccati equation by the method described. 
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Thus, let us analyse the existence of such solutions to get these integrability conditions. 
From some of the relations of the above system, we get that 

-ha + b^S = 0, -b' 3 a + b 3 5 = 0. 

As a(t) = 1, these relations imply that b\ b' 3 = b\ b 3 and 

Hence, the transformation formulas (14. 3t reduce to 

b'= a~ 2 63, b' 2 = b 2 + 2-, b' 1 =a 2 b 1 . (4.11) 

a 

Then, in order to exist a ^-dependent function D and two real constants c% and C3, with c\c 3 7^ 0, 
such that b' 3 = Dc 3 and b[ = Dei, the function D must be given by 



D 2 Cl c 3 = hb 3 =>■ D = ±J^-, 

V C1C3 

where we have used that b[b 3 — bib 3 . On the other hand, as b[/bi — a 2 > 0, we have to fix the 
sign k of the function D in order to satisfy this relation, i.e. sg(ci-D) = sg(6i). Therefore, 

K = sg(D) = sg(6i/ci). 

Also, as bib 3 — b[b 3 , we get that sg(bib 3 ) — sg(cic 3 ). Furthermore, in view of relations (14.1 1) . 
a is determined, up to a sign, by 

"=\lsr = {ii) ■ <4 - 12) 

and therefore the change of variables (14.9) reads 

. D(t)d 

3> = -±±±x. (4.13) 
bi(t) 

Finally, as a consequence of d4.1 U . in order for b' 2 to be the product b' 2 = c 2 D, we see that 



a bib 3 
2- = /scaJ— • (4.14) 
a V C1C3 



Using ( 14.121 ) and the above equality, we see that the integrability condition is 

62 



C1C3 
6163 




KC 2 . 



Conversely, if the above integrability condition is valid and D 2 c\c 3 = &1&3, the change of 
variables (14.13b transforms the Riccati equation (14. It into dx' /dt = D(t)(ci + c 2 y' + c 3 y' 2 ), 
with C1C3 ^ 0. To sum up, we have proved the following theorem. 

THEOREM 4.3. The necessary and sufficient conditions for the existence of a transformation 

x' = G{t)x, G{t) > 0, 

relating the Riccati equation 

^ = h(t) + b 2 {t)x + b 3 (t)x 2 , hb 3 ^0, 
dt 
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to an integrable one given by 
dx' 

— = D{t)(a + c 2 x' + c 3 x' 2 ) , c lC3 ^0, D(t)?0, (4.15) 
at 

where c\, c 2 , c 3 are real numbers and D{t) is non-vanishing functions, are 

D*c lC3 = brb 3 , ( b2 + l( h ±-^))^= KC , (4.I6) 




where k — sg(D) — Sg(6i/ci). The transformation is then uniquely defined by 



/&3(*)ci x 



V fe iWc 3 

From previous results, the following corollary follows. 

COROLLARY 4.4. A Riccati equation ( 14.751 ) with bib 3 7^ can be transformed into a Riccati 
equation of the form ( 14.751 ) by a t-dependent change of variables y' = G(t)y, with g(t) > 0, if 
and only if 

1 / 1 / L L\\ 

= K, (4.17) 




for a certain real constant K. In such a case, the Riccati equation ( 14.71 ) is integrable by quadra- 
tures. 

In view of Theorem 14. 3 1 if we start with the integrable Riccati equation ( 14.151 ). we can obtain 
the set of all Riccati equations that can be reached from it by means of a transformation of the 
form ( 



COROLLARY 4.5. Given an integrable Riccati equation 

J = D(t)(ci + c 2 x + c 3 x 2 ), c lC3 ^0, D(t)^0, 

with D(t) a non-vanishing function, the set of Riccati equations which can be obtained with a 
transformation x' = G(t)x, with G(t) > 0, are those of the form 

and the function G is then given by 

Vh 

Therefore, starting with an integrable equation, we can generate a family of solvable Riccati 
equations whose coefficients are parametrised by a non-vanishing function b\. Moreover, the 
integrability condition to check if a Riccati equation belongs to this family can be easily verified. 

The previous results can now be used for a better comprehension of some integrability con- 
ditions found in the literature. Let us illustrate this claim by reviewing some well-known integra- 
bility conditions through our methods. 



• The case of Allen and Stein 
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The main achievements of the article |4 1 can be recovered through our more general approach. 
In that work, a Riccati equation d4.U . with 6163 > and 60, &2 being differentiable functions 
satisfying the condition 

J- = C, (4.18) 



where C is a real constant, was transformed into the integrable one 

dx' 



-^ = y / b 1 (t)b 3 (t)(l + Cx' + x' 2 ), (4.19) 



through a ^-dependent linear transformation of the form 



h{t) -x. 



V mo 

If a Riccati equation obeys the integrability condition (14.181 1, such an equation also satisfies 
the assumptions of Corollary I4.4l and. therefore, the integrability condition given in Theorem l4.3l 
with 

ci = c 3 = 1, c 2 = C, D = VM3. 

Consequently, the corresponding f-dependent change of variables described by Theorem 14.31 
reads 

,_ 

x ~ V fo iW x ' 

showing that the transformation in [4 1 is a particular case of our results. This is not surprising, as 
Theorem 14. 3 1 shows that if such a i-dependent change of variables is used to transform a Riccati 
equation (14. j} into one of the form (14.15b . this change of variables must be one of the form ( 14.13b 
and the initial Riccati equation must satisfy integrability conditions ( 14.161 1. 

• The case of Rao and Ukidave: 

Rao and Ukidave stated in their work [ 190 1 that a Riccati equation d4.U . with bib 3 > 0, can 
be transformed into an integrable one 



dx' r—- ( , 1 
— = JcbxbZ 1 + kx' + - 
dt \ 



—x 

c 



through a t-dependent linear transformation 

,__L 

X ~ v{t) X ' 

if there exist two real constants c and k such that the following integrability condition is satisfied 

b 3 = \ (4.20) 

with v(t) being a solution of the differential equation 

dv 

— =kb 1 (t) + b 2 (t)v. (4.21) 
dt 

Note that, in view of ( 14.201 ). necessarily c > and if the integrability conditions ( 14.20b and 
( 14.211 ) hold with constants c and k and a negative solution v(t), the same conditions are valid 
for the constants c, — k and a positive solution —v(t). Consequently, we can restrict ourselves to 
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studying the integrability conditions ( 14.20b and (14.211 1 for positive solutions v(t) > 0. In such a 
case, the above method uses a i-dependent linear change of coordinates of the form ( 14.9) and the 
final Riccati equation are of the type described in our work (14.151 ). Therefore, the integrability 
conditions derived by Rao and Ukidave have to be a particular instance of the integrable cases 
described by Theorem 14. 3 1 

Using the value of v(t) in terms of the constant c and the functions b\ and 63 obtained with 
the aid of the formula (14.20b and equation (14.21b . we get that 

Hence, the Riccati equations holding conditions ( 14.201 1 and ( 14.211 ) satisfy the integrability condi- 
tions of Corollary 14. 51 Moreover, if we choose 

D 2 = c6i6 3 , a = 1, c 2 = -k, c 3 = c _1 , 

then D = \fcbib~3 and the only possible transformation ( 14. 9b given by Theorem l4.3l reads 



c' = a 2 (t)x = 



l cb 3 (t) 



■X, 



and hence, 

v V 61 

In this way, we recover one of the results derived by Rao and Ukidave in II 1901 . 

In short, many integrability conditions found in the literature can be described by our more 
general methods. 



4.5. Integrability and reduction. Now we develop a similar procedure to the one derived above, 
but now we assume the solutions of system ( 14.6b to be included within a two-parameter subset of 
SL(2, K). As a result, we recover some known integrability conditions and review, from a more 
general point of view, the integrability method described in |40|. 

As we did previously, let us try to relate the Riccati equation ( 14. lb to an integrable one as- 
sociated, as a Lie system, with a curve a'(t) = — D{t)(c\a.i + C2&2 + with C3 ^ and 
a non-vanishing function D = D(t). Nevertheless, we consider solutions of system (14.7b with 
7 = 0, a > 0, and related to a curve in SL(2, R), i.e. we analyse transformations 

6(t) X + 6(t) [ ,X + 6(t) ' 
In this case, using the expression in coordinates (14.6b of system 



we get that 



/ a \ 




P 









V 6 j 





( 



V 



o 2 -o 2 
2 


63 


b[ 





-h 


b' 2 +b 2 
2 





b{ 


~b' 3 





b' 2 +b 2 
2 


b 3 





-b's 


-h 


2 









P 









V 6 J 



(4.22) 



where 6' = D. 



•,j and Cj € 



for j = 1, 2, 3. As we suppose b' 3 ^ 0, the third equation of the 
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above system yields 

a _ 63 _ h 
6 ~ b' 3 ~ Dc 3 

Since aS = 1 so that the solution of ( 14.81 l is related to an element of SL(2, M), and b' 3 = Dc 3 , 
the above expression implies 

a 2 = -2-. (4.23) 
£>c 3 

Therefore, a is determined by the values of 63 (t), Z? and C3. Additionally, the first differential 
equation of system ( 14.22b determines /3 in terms of a and the coefficients of the initial and final 
Riccati equations, i.e. 



If. b'-b 



>-2 



Taking into account the relation (14.23b and as aS = 1, we can define M — j3/a and rewrite the 
above expression as follows 

Considering the differential equation in j3 in terms of M, we get the equation 

IT = ~ hl{t) + W) D " + h2{t)M ~ Ut)M2 ' 



Finally, as 6a = 1 is a first-integral of system (14. 8K if the system for the variables M and D 
and all the abovementioned conditions are satisfied, the value 6 = aT x obeys its corresponding 
differential equations of the system (14.22b . Summarising, we have stated the following theorem. 

THEOREM 4.6. Given a Riccati equation A4.1\l there exists a transformation 

x = G(t)x + H(t) , G(t)>0, 
relating it to the integrable equation 

dx' 

— = D(t)( Cl + c 2 x' + c 3 x 12 ), (4.24) 

with C3 7^ 0, and D a non-vanishing function, if and only if there exist functions D and M 
satisfying the system 

f={ b ^ + W)) D - c2D2 - 2hmD ' 

at bait) 



The transformation is then given by 

, 63 (t) 



D(t)c 3 



(x + M{t)). (4.25) 
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If we consider c\ = in equation ( 14.24b . the system determining the curve in SL(2, R) which 
performs the transformation of Theorem l4.6l reads 

^ = (h(t) + b ] ^)D-c 2 Di(t)-2b 3 (t)MD, 
dt y ^t) J (4 _26) 

^ = -h(t) +b 2 (t)M-b a (t)M 2 . 

Note that this system does not involve any integrability condition, since there always exists a 
solution for every initial condition. Nevertheless, finding such solutions can be as difficult as 
solving the initial Riccati equation. Therefore, we need to assume some simplification in order to 
find a particular solution. Let us put, for instance, M = bxjb^. In this case, the first differential 
equation of the above system does not depend on M and reduces to 

dD ( , , . b 3 (t)\ 9 

-dt={- b ^ + W)) D - C2D 

whose solutions read 

^(w) m ,u (t)+ m. 

C + c^exp^ A(t')dt')dt" V 63 

Meanwhile, as M — 62/^3 must satisfy the second equation in ( I4.26l l, we obtain that 

which gives rise to an integrability condition. This summarises one of the integrability conditions 
considered in 1 189|. 

Let us recover, from our point of view, the result that establishes that the knowledge of a 
particular solution of the Riccati equation allows us to obtain its general solution. In fact, under 
the change of variables M = —x, the system ( 14.261 ) becomes 



^'^ t)+ w^ D - c ' D2+2h{t)xD ' 

J = b 1 (t)+b 2 (t)x + b 3 (t)x 2 . 
dt 



(4.27) 



Each particular solution of the previous system takes the form (D p (t), x p (t)), with x p (t) being a 
particular solution of the Riccati equation (14. U . Therefore, given such a particular solution x p (t), 
the function D p — D p (t), corresponding to (D p (t), x p (t)), satisfies the equation 

= ( b2{t) + 2b3{t)Xp{t) ) Dp ~ C2D '' (4 ' 28) 

which is is a Bernoulli equation and, therefore, is integrable by quadratures. Consequently, the 
knowledge of a particular solution x p (t) of the Riccati equation (14. U allows us to determine 
a particular solution (D p (t),x p (t)) of system (14.27b and, in view of the change of variables 
x = ~M, a particular solution (D p (t) , M p (t)) = (D p (t), —x p (t)) of system (14.26b . Finally, the 
functions M p (t) and D(t) lead to the change of variables (14.25b described in Theorem l4.6l which 



82 



J.F. Carinena and J. de Lucas 



transforms the initial Riccati equation (I4.lt into another one related to a solvable Lie algebra of 
vector fields. 

The above process describes a reduction process similar to the one derived in [40|, but our 
method allows us to obtain a direct reduction into an integrable Riccati equation ( 14.241 ) through a 
particular solution. 

There exist many ways to impose conditions on the coefficients of the second equation in 
(14.27b to obtain a particular solution easily. For instance, if there exists a real constant c such that 
for the ^-dependent functions b\, b^ and 63 we have that b\ + b^c + b^c 2 = 0, then c is a particular 
solution, for example: 



1. 61 + 62 + &3 = implies that c = 1 is a particular solution. 

2. k 2 b\ + kik^bi + ^363 = means that c = fca/fe is a particular solution. 

This sketches some cases found in l40l 12141 . 

As a first application of the above method, we can integrate the Riccati equation 

Tt=-l + { 1 + l) x - x ' (4 ' 29) 

related to Hovy's equation [200|. This Riccati equation admits the particular constant solution 
x p (t) = 1. Using such a particular solution in equation (14.28b and taking, for instance, ci = 
and C2 = 0, we can obtain a particular solution for equation (14.28) . e.g. D p (t) = t n e~ l . Hence, 
(t"e _t , 1) is a particular solution of system (14.27) related to equation ( 14.29) and (t"e~*, —1) is 
a solution of the system (14.26b . In this way, Theorem 14.61 states that the transformation (14.25) , 
determined by the D p (t) — t n e~ f and M p (t) = —1, of the form 

x' = -i-Vc^a;- 1), (4.30) 

relates the solutions of equation (14.29b to those of the integrable equation 

rl-r' 

— = e t C 3 X . 

at 

If we fix C3 = 1, the solution of the above equation reads 

At) = ' 



K-T(l+n,t)' 

where K is an integration constant and Y{a, b) is the incomplete Euler's Gamma function 



/oo 
t'^e- 1 ' dt 1 . 



In view of the change of variables (14.30) . the solutions x(t) of the Riccati equation ( 14.291 ) and 
x'(t) are related through the expression x'(t) = —t^ n e t cj 1 (x(t) — 1). Therefore, if we substitute 
the general solution x'(t) in this expression, we can derive the general solution for the Riccati 
equation ( 14.29) , that is, 



x(t) 



e~H n 



r(n + l,t) + K' 



4.6. Linearisation of Riccati equations. To finish this chapter, we shall analyse the problem 
of the linearisation of Riccati equations through the linear fractional transformations (14.9) . As 
a main result, we establish various integrability conditions ensuring that a Riccati equation can 
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be transformed into a linear one by means of a diffeomorphism on K associated with a linear 
fractional transformation of a certain class. 

As a first insight in the linearisation process, notice that Corollary 14. 2l states that there exists 
a curve in SL(2,M), and therefore a ^-dependent linear fractional transformation on R, trans- 
forming each given Riccati equation into any other one (and, in particular, into a linear one). This 
clearly implies that Riccati equations are always linearis able by means of this class of transfor- 
mations. Nevertheless, as Lie system (14.7b describing such transformations is related to a non- 
solvable Lie algebra of vector fields, determining such a transformation can be as difficult as 
solving the Riccati equation to be linearised. 

Let us try to transform a given Riccati equation into a linear differential equation by means 
of a linear fractional transformation (14. 2b determined by a constant vector (a, (3, 7, 8) £ R 4 with 
a>8 — f3"f = 1. In this case, determining the conditions ensuring the existence of solutions of 
system (14.7b performing such a transformation is an easy task. Moreover, as solving system (14.7b 
also becomes straightforward, we can determine some linearisability conditions and, when these 
conditions hold, specify the corresponding change of variables. 

Note that as (a, (3, 7, 8) is a constant, we have a — $ — 7 = 5 = and, in view of (14.6b . 
the diffeomorphism on R performing the transformation is related to a vector in the kernel of the 
matrix 



/ 

B = 

V 



b' 2 -b 2 
2 


63 







\ 


-61 


b' 2 +b 2 
2 





K 










b' 2 +b 2 
2 


b 3 










-h 


b' 2 -b 2 
2 


/ 



(4.31) 



where we assume 61 ^ 0, (13 ^ 0. We omit the study of the case 61 (£)i>3(t) = in an open 
interval because, as it was shown in Section FTTl this case is known to be integrable. 

The necessary and sufficient condition for ker B to be non-trivial is dct 5 = 0. Therefore, a 
short calculation shows that dim keri? > if and only if —b\ + bf(t) + 46163) 2 = 0. Thus, 
b' 3 = ±\Jb\ — 46163 and 6 3 is fixed, up to a sign, by the values of 61, 62 and 63. Let us study the 
kernel of the matrix B in the positive and negative cases for 6 2 . 

• Positive case: The kernel of matrix (14.31b is given by the vectors 



Recall that we are only considering the constant elements of ker B, therefore there should be two 
real constants K\ and K2 such that 

Kl = s K +f) <»±y&E^ t K2 =-b 2 + VW^b- 3 ^ 

61 26i 26i 

Moreover, in order to relate these vectors to elements in SL(2, R), we have to impose the condi- 
tion det(ifi, p, -SK 2 , 8) = 8{Ki + (3K 2 ) = 1. 

The second condition in ( 14.321 ) imposes a restriction on the coefficients of the initial Riccati 
equation to be linearisable by a constant linear fractional transformation (14.2b . Then, if this is sat- 
isfied, we can choose f3, 7, K\ and 6 2 to satisfy the other conditions. Thus, the only linearisation 
condition is the second one in ( 14.321 ). 
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Negative case: In this case, ker B reads 



and now the new conditions reduce to the existence of two real constants K\ and K2 such that 



Xl = TT +/3 2b[ ' K2 = 2b[ ' 

with 5(K\ + pK<i) = 1. If the second expression of the above conditions is satisfied, we can 
proceed in a similar fashion as for the positive case to obtain the transformation that performs the 
linearisation of the initial Riccati equation. 
Summarising: 

THEOREM 4.7. The necessary and sufficient condition for the existence of a diffeomorphism 
on R of linear fractional type associated with a transformation on SX(2,R) transforming the 
Riccati ( 14.71 ) into a linear differential equation is the existence of a real constant K such that 



A'.^MHM. (4 .33) 

As a Riccati equation ( 14.11 ) satisfies the above condition if and only if if is a constant partic- 
ular solution, we get the following corollary: 

COROLLARY 4.8. A Riccati equation can be linearised by means of a diffeomorphism on R of 
the form (14. 2\ if and only if it admits a constant particular solution. 

Ibragimov showed that a Riccati equation (14. U is linearisable by means of a change of vari- 
ables z = z(x) if and only if the Riccati equations admits a constant solution 1 125 1. Additionally, 
we have proved that in such a case, the change of variables can be described by means of a 
transformation of the type (14.21 >. 



5. Lie integrability in Classical Physics 



In spite of their apparent simplicity, the methods developed throughout the previous chapter re- 
duce the analysis of certain integrability conditions for Riccati equations to studying integrability 
conditions for an equation on 5L(2,R). Moreover, these methods can also be applied to any 
other Lie system related to the same equation on SL(2, R). For instance, we here use the results 
on integrability of Riccati equations to study i-dependent (frequency and/or mass) harmonic os- 
cillators (TDHOs), which are associated with the same kind of equations on SL(2, R) as Riccati 
equations. As a particular application of our results, we supply i-dependent constants of the mo- 
tion for certain one-dimensional TDHOs and the solutions for a two-dimensional TDHO. Also, 
our approach provides a unifying framework which allows us to apply our developments to all 
Lie systems associated with equations in SL(2, R) and generalise our methods to study any Lie 
system. 
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5.1. TDHO as a SODE Lie system. Let us prove that every TDHO is a SODE Lie systems (see 
Il37ll43ll52l ). Each TDHO is described by a ^-dependent Hamiltonian of the form 



whose Hamilton equations read 



. OH p 

x = 



2 2 
U) X . 



dp m{t) 



p= -— = -F{t)w 2 x. 
ox 

The solutions of the above system are integral curves for the ^-dependent vector field 
over T*R. Let Xf*°,X?° and be the vector fields 

'HO _ „ 9 v HO _ 1 („ 9 ^ \ v HO 9 



(5.1) 



x ?-i* x * (5 - 2) 

which satisfy the commutation relations 

[X*° , X?°] = 2Xf ° , [X? ° , X? °] = Xf ° , [X™ , X™] = Xf° , 

and therefore span a Lie algebra of vector fields V HO isomorphic to sl(2,R). Then, the t- 
dependent vector field X HO associated with system ( 15. U can be written as 

X H °{t) = F{t)^X*° + , (5.3) 

i.e. it is a linear combination with t-dependent coefficients 



3 

X HO (t) = J2b a (t)X™, (5.4) 

a=l 

with bi(t) = l/m(t), b 2 {t) = and b 3 (t) = F(t)u 2 . Hence, TDHOs are SODE Lie systems. 

Consider the basis {ai , a2, as} for st(2, R) given in ( 12.41 i. Its elements satisfy the same com- 
mutation relations as the vector fields X%° . Denote by $ HO : SX(2,R) x T*R -> T*R the 
action that associates each a Q with the fundamental vector field X^°, i.e. each one-parameter 
subgroup exp(— ta. a ) acts on T*R with infinitesimal generator X^° . It can be verified that this 
action reads 

a P \ / x \\ _ / a P\(x 
7 5 )\P ) ) U U \ P 
Obviously, the linear map p HO : st(2,R) — > y ffo that maps each a Q to X a is a Lie algebra 
isomorphism. 

The action $ ffo allows us to relate (15. U to an equation on SL(2, R) given by 

3 

i?A-i*^ = -^6a(*)aa, A(0) = J. (5.5) 

ct=l 

Thus, if j4(t) is the solution of ( 15.51 ) and we denote £ = G T*R, then the solution starting 

from £(0) is £(t) = $ HO (A(t), £(0)) (see e.g. @0j). In summary, system (15. Il l is a Lie system 
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in T*R related to an equation on SL(2, R) and the solution of equation ( 15.5b allows us to obtain 
the solutions of ( 15.1b in terms of the initial condition by means of the action Q HO . 

5.2. Transformation laws of Lie equations on SL(2,R). Each t-dependent harmonic oscillator 
( 15.1b can be considered as a curve in R 3 of the form 62 (t), &3(i)) through the decomposi- 

tion ( 15.4b . Then, we can transform each curve in T*R, by an element A(t) of Q as follows: 

jt Tins ( a W „ r,,j tu+ s +£(«M*)\ 

If A(t) = e<7, 9 (A, £)(*) = _ . (5.6) 

V 7(<) *(*) J \j(t)x(t)+S(t)p(t)J 
The above change of variables transforms the TDHO (15. lb into an analogous TDHO with new 
coefficients b[ , b' 2 , b' s given by 

63 =<5 2 63 — 6 2 + 7 2 bi + jS — (S7 , 

b' 2 =-2f38b 3 + (aS + (3j) b 2 - 2 57 61 + Sdt - at + f3j - 7/? , 
L b[ =/3 2 63 - a/3 6 2 + a 2 h + 0$ - ficc . 

The solutions of the transformed TDHO are of the form Q(A(t), £(£)), with £(t) being a solution 
of the initial TDHO. Additionally, the above expressions define an affine action (see e.g. 115111 for 
the general definition of this concept) of the group Q on the set of TDHOs ll63l . This means that 
in order to transform the coefficients of a TDHO by means of two transformations of the above 
type, first through A\ and then by means of A%, it suffices to do the transformation induced by 
the product A 2 A\. 

The result of this action of Q can also be studied from the point of view of the equations 
in SL(2, R). First, Q acts on the left on the set of curves in SL(2, R) by left translations, i.e. a 
curve A(t) transforms the curve A(t) into a new one A'(t) — A(t)A(t). Therefore, if A(t) is 
a solution of ( 15.5b . characterised by a curve a(t) g sl(2, R), then the new curve satisfies a new 
equation like ( 15.5b but with a different right-hand side, &'(t), and thus it corresponds to a new 
equation on SX(2,R) associated with a new TDHO. Of course, A'(0) = A(0)A(0), and if we 
want A'(0) = Id, we have to impose the additional condition A(0) = Id. In this way Q acts on 
the set of curves in TiSL(2, R) ~ sl(2, R). It can be shown that the relation between both curves 
a(f) and a'(*) insl(2,R) is given by EQl 

3 

&'{t) = -J2 b' a (t)& a = AWsfflA- 1 ® + A(t)A~\t) . (5.7) 

a=l 

Summarising, it has been shown that it is possible to associate, in a one-to-one way, any 
TDHO with an equation in the Lie group SL(2, R) and to define a group Q of transformations on 
the set of such TDHOs induced by the natural linear action of SL(2, R). 

Recall that, in view of Theorem 14. II system (15.7b can be regarded as a system of first-order 
ordinary differential equations in the coefficients of the curve in SL(2, R) of the form 

A{t) -\i{t) m 

Moreover, we can enunciate the following results, which are a straightforward application to 
TDHOs of Theorem |4T| and Corollary 14. 21 formulated for the analysis of certain Lie systems on 
SL(2, R) related to Riccati equations. 
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THEOREM 5.1. The curves in SL{2, K) transforming a TDHO related to an equation on this Lie 
group determined by a curve &(t) into a new TDHO associated with an equation on SX(2,R) 
determined by the curve &'(t), with 

3 3 
a' ft) = - b' a (t)a, a , a(i) = - b a (t)& a , 

a—l a—1 

are given by the integral curves of the t-dependent vector field 

3 

N(t) = (b a (t)N a + b' a (t)N' a ) , (5.8) 

a=l 

such that det A(0) = 1. This system is a Lie system associated with a non-solvable Lie algebra of 
vector fields isomorphic to sl(2, R) sl(2, R). Moreover, such curves also transform the TDHO 
related to the curve a(i) into the new one linked to a'(i). 

COROLLARY 5.2. Given two TDHOs associated with the curves &{t) and a'(i) in sl(2, R), there 
always exists a curve in SL(2, R) transforming the first TDHO into the second one. 

We must remark that even if we know that given two equations in the Lie group SX(2,R) 
there always exists a transformation relating both, in order to find such a curve we need to solve 
the system of differential equations providing the integral curves of (15.81 1. This is the solution of 
a system of differential equations that is a Lie system related to a non-solvable Lie algebra in 
general. Hence, it is not easy to find its solutions, i.e. it may not be integrable by quadratures. 

The result of Theorem 15. II i.e. that the system of differential equations describing the trans- 
formations of Lie systems on SL(2, R) is a matrix Riccati equation associated, as a Lie system, 
with a Lie algebra isomorphic to sl(2, R)0sl(2, R), suggests us a method to find some sufficiency 
conditions for integrability of the TDHOs to be explained next. 

5.3. Description of some known integrability conditions. We now study some cases when it 
is possible to find curves A(t) in SX(2,R) transforming a given TDHO related to an equation 
on 5X(2,R) characterised by a curve a(<) into a new TDHO associated with an equation on 
SX(2,R) characterised by a curve of the type a'(£) — — Z)(£)(ciai -|- C2&2 ~t~ c 3a3). This is 
possible if the system determined by ( 15.8b can be solved easily. The transformation establishing 
the relation to such a TDHO allows us to find the solution of the given equation by quadratures. 
We first restrict ourselves to studying cases in which the curve A(t) lies in a one-parameter 
subset of SL(2, R). The results we show next are a direct translation to the framework of TDHO 
of Theorem l4. 1 I describing certain integrability properties of Riccati equations (see also iBTilD . 

THEOREM 5.3. The necessary and sufficient conditions for the existence of a transformation 
with 

^) = (t } a"?®)' a{t)> °> (5 ' 9) 
relating the TDHO associated with the t-dependent vector field 

X t = + b 2 (t)X 2 + b 3 (t)X 3 , (5.10) 
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where bi(t)b 3 (t) has a constant sign, i.e. b\{t)b 3 {t) ^ 0, to another integrable one given by 



X'{t) = D{t){c 1 X 1 + c 2 X 2 + c 3 X 3 ) 
with, ci, c 2l c 3l being real numbers such that C\C 3 ^ 0, are 



(5.11) 



D\t)c 1 c 3 = b 1 (t)b 3 (t), b 2 (t) + - 



1 / b 3 (t) bi(t) 



2\b 3 (t) h(t) 



C21 



l bi(t)b 3 (t) 

C\C 3 



Then, the transformation is uniquely defined by 



A (t) = 



( 



\ 



( H(t) Cl \ 

\bl(t)c 3 J 



1/4 







\bl(t)c 3 J 



-1/4 



Note that one coefficient, either c\ or c 3 , can be reabsorbed with a redefinition of the function 
D. As a straightforward application of the preceding theorem, which can be found in a similar 
way as those in [50], we obtain the following corollaries: 

COROLLARY 5.4. A TDHO ( 15. 1 1 ) with bi(t)b 3 (t) ^ is integrable by a t-dependent change of 
variables 

£' = $ ffO (A (iU), 

with Aq given by ( 15. 91 ), if and only 



c\c 3 



b W+ 1 I &3(t) 



6i(t)6a(*) 

/or certain real constants ci, C2, anc/ C3. 7/1 f/z/s case 



c 2 • 



(5.12) 



' h(t)b 3 (t) 
C1C3 



(5.13) 



anaf ?/ie new system is 

(it W V -°3 -C2/2 
COROLLARY 5.5. Given an integrable TDHO characterised by a t-dependent vector field rf5.7i| ), 
f/ze sef 0/ TDHOs which can be obtained through a t-dependent transformation 

e = <t> Ho (A Q (t),o, 

with Aq given by ( I5.9D , are those of the form 



X t = b 1 {t)X 1 + 
Thus, Ao(t) reads 

A (t) 



bi(t) D(t) 
h(t) D(t) 



c 2 D{t) X 2 



D 2 (t) Cl c 3 
h(t) 



X 3 



(5.14) 



( b 3 (t)ci \ 
\bi(t)c 3 J 



V 







( b 3 (t) Cl \ 
\bl(t)c 3 J 



-1/4 



Therefore, starting from an integrable system we can find the family of t-dependent vector 
fields (15.141 1 describing solvable TDHO systems whose coefficients are parametrised by b\ (t). 
Given a TDHO, it is easy to check whether it belongs to such a family and can be easily integrated. 
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The integrability conditions we have described here arise as requirements on the initial t- 
dependent functions b a that allow us to solve the initial TDHO exactly by a i-dependent trans- 
formation of the form 

with some v E sl(2, R) and ^(t), in such a way that the initial TDHO system ( 15. U in the variable 
£ is transformed into another one in the variable £' associated, as a Lie system, with a Vessiot- 
Guldberg Lie algebra isomorphic to an appropriate Lie subalgebra of sl(2, R) in such a way that 
the equation in £' can be integrated by quadratures and, consequently, the equation in £ is solvable 
too. 

5.4. Some applications of integrability conditions to TDHOs. As a first application, we show 
that the usual approach to the solution of the classical Caldirola-Kanai Hamiltonian Il27lll331 can 
be explained through our method (the solution of the quantum case can be obtained in a similar 
way). Next, we will also apply our approach to get integrable TDHOs. 
The Hamiltonian of a i-dependent harmonic oscillator is 

H{t) = \-^ + \^{t)u 2 {t)x 2 . (5.15) 
2 m(t) 2 

For instance, a harmonic oscillator with a damping term ll27] 1133 1 with equation of motion 

— (max) + mo fix + kx = 0, k — rrioUJ 2 , 

admits a Hamiltonian description, with a t-dependent Hamiltonian 

p 2 1 

H(t) — exp(— fit) H — tuq exp(fit)uj 2 x 2 , 

2ma 2 

i.e. m(t) in ( 15.151 ) corresponds to m(t) = mo exp(fit). In this case equations i5.li are 

dH _ 



< 



P = — — = -m exp(fit)x, 
ox 

and the t-dependent coefficients of the associated Lie system read 

bi(t) = — exp(—fit) , b^it) = , b 3 (t) = m uj 2 exp(fit) . 
too 

Therefore, as bi(t)b 3 (t) — co 2 ,b 2 = and 

^3 h 
b 3 bi 

we see that ( I5.121 i holds if we set c\ = c 3 = 1,C2 = fi/oJ and the function D is a constant, 
D = lu. Hence, this example reduces to the system 

d_ f x' \ _ f fi/2 uj \ / x' 
dt \ p' ) ~ \ -u -fi/2 ){p> 

which can be easily integrated. If we put uj 2 = (/i 2 /4) - w 2 , we get 

/ x'(t) \ ( cosh(d)t) + ^-sinh(djt) — sinh(^) 

\ P'(t) ) \ -^sinh(d;t) cosh(wt) - ^sinh(wt) 
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and, in terms of the initial variables, we obtain 

x(t) = " ( ( cosh(cjt) + — sinh(u)i) ] Jrtinuixn H sinhfwt) — == 

We can also study a TDHO described by the i-dependent Hamiltonian 
H(t) = \ P 2 + \F{t)u 2 x 2 , F(t) > 0, 
where we assume, for simplicity, m = 1. The i-dependent vector field X is 

which is a linear combination 

X t = F(t)co 2 X?° +X?° , 

i.e. the i-dependent coefficients in (I5.101 l are 

6i(t) = l, 6a(t)=0, b 3 (t) = F(t)uj 2 , 

and the condition for F to satisfy ( 15.12l > is 

1 F r= 
-- = c 2 ljVF. 

Therefore, F must be of the form 

1 



F(t) = 



(L - c 2 ujtf 

and the Hamiltonian, which can be exactly integrated, is 

V 2 1 ^ 2 9 
ff ( = — + -rX 2 

W 2 2 (L — c 2 uit) 2 
The corresponding Hamilton equations are 

x = p, 

uj 2 

p ~ {L-c 2 uty x ' 

and the t-dependent change of variables to perform is 



X \ I r ^ 1 



1 UJ 


L 


— C 2 U)t 


1 L 


— C 2 U)t 



In consequence, 

dx' uj fc 2 . . 

= ( —x + p 

dt L — c 2 uit V 2 

dp' _ U) r , _ £2 , 

dt ~ L — c 2 uit \ X 2 P 

and, under the i-reparametrisation, 



(5.17) 
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the system ( 15.17b becomes 



dx' c 2 . , 

dp' , c 2 , 

-d^ = - X -J P > 



which is equivalent to a transformed Caldirola-Kanai differential equation through the change 
t i — y uj t and c 2 H> ^/oj. In any case, the solution is 

x'(t) = (cosher) + ^sinh(wT)) x'(0) + -smh(ujr)p' (0), 



where ui = y — 1. Finally, 

x(r(t)) = J — — [fcosh(wT(t)) + ^sinh(wr(*))") x'(0) + -Lsinh(£-r(t))p'(0) 

Let us analyse another integrability condition that, as the preceding one, arises as a com- 
patibility condition for a restricted case of the system describing the integral curves of (15. 8t . 
Nevertheless, this time, the solution is restricted to a one-parameter set of matrices of SL(2, K) 
that is not a group in general. 

In this way, we deal with a family of transformations 



4>(*) = V{t) t r / . \ , V(t)>0, (5.18) 




where u\ is a constant, i.e. we want to relate the i-dependent vector field 

X t = X*° + F(t)uj 2 X 3 HO , 
characterised by the coefficients in (15 . 1 Ob 

h = 1, b 2 = 0, b 3 = F{t)uj 2 , 

to an integrable one characterised by b[, b' 2 and b' 3 , or more explicitly, to the i-dependent vector 
field 

X t = D{t){c 1 X 1 +C3Xz), 

i.e. b[ = Dei, b' 2 = 0, and b' 3 = Dc 3 . Moreover, if c\ ^ 0, we can reabsorb its value redefining 
D and assuming c\ = 1. 

Under the action of (15.18b . the original system transforms into the following system 

b' 3 = V 2 b s +u 1 Vb 2 + u 2 1 b 1 -u 1 V, 

b' 2 =b 2 + 2^b 1 -2^, 

K = "4&1 • 
1 y2 1 

As b 2 = b' 2 = and b\ = 1, the second equation yields V = u\, i.e. V(t) = u\t + uq 
with uq G R. Moreover, using this condition on the first equation together with b\ = 1, we get 
63 = V 2 b 3 . Then, as the third equation gives us the value of D as D = b[ = 1/V 2 , we see that 
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b' 3 = Dc 3 = V 2 F(t)uj 2 . Therefore, F has to be proportional to (u\t + u ) 4 , 

k 



F(t) 



k=%. 



( Ul t + U ) 4 ' 

Let assume k = 1 and thus, c 3 = uj 2 . Then, the i-dependent transformation A (t) performing 
this reduction is 



v(ty 

p' = —U\x + V(t)p. 
Under this transformation, the initial system becomes 

dx' p' 



v 2 (ty 

L0 2 X> 



dp' 



V 2 (t) 



Using the i-reparametrisation 

r(t) 



rt dt ' 1 
/ V 2 (t<) ~ Ul \u V(t)J ' 

we get the following autonomous linear system 



dx[ 

dT 

d[/_ 



= p, 



= —L0 2 x', 



whose solution is 



Thus, we obtain that 



x'(t) 
p'(r) 



-wsin(wT) cos(wr) 



x'(0) 
P'(0), 



x(t) = V{t) ( cos(cj r(i))— + — sm(iv r(t))(— u\Xo + u p ) 

\ Uo 

5.5. Integrable TDHOs and f-dependent constants of the motion. The autonomisations of the 
transformed integrable systems obtained above enable us to construct t-dependent constants of 
the motion. Indeed, in previous cases, a TDHO was transformed into a Lie system related to an 
equation on SL(2, E) 

R A -i* A A = -D(t) (dM + c 2 ai + c 3 ai) , 
associated with a TDHO determined by the i-dependent vector field 

X t = D{t){c l X 1 + c 2 X 2 + c 3 X 3 ). 
Each t-dependent first-integral I(t) of this differential equation satisfies 

Thus, the function / is a first-integral of the vector field on M x T*K 



X t = cMt) + c 2 X 2 (t) + c 3 X 3 (t) + 



1 d 

D(t) dt 
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As K x T*M is a three-dimensional manifold and the differential equation we are studying is 
determined by a distribution of dimension one, there exist (at least locally) two independent first- 
integrals. Next, we will analyse some integrable cases and their corresponding constants of the 
motion. 

• Case F(t) = (uxt + u y 2 : 

In this case we obtain that, according to Theorem 15.31 the t-dependent vector field of the 
initial TDHO is transformed into the following one, 

X t = — f Xf ° - ^X?° + x?°) 

uxt + uo V 1 u A ) 

and thus, using the method of characteristics, we obtain the following constants of the motion for 

this TDFHO: 

h = P x + x + p , I 2 = r , 

((V± x >-2p>)+2u>x>)° 



UJ 



with uj = ±\l ^ - 1. 



• CaseF(t) = (uit + u )" 4 : 



In this case we see that the t-dependent vector field of the initial TDHO is transformed into 

and thus, using the method of characteristics, we get the following i-dependent constants of the 
motion for the initial TDHO 

/ \ 2 



v ' (5.19) 



I2 = arcsin 



\V(t)y/hJ U!V(t) ' 

As we have two t-dependent constants of the motion over M x T*R and the solutions in this space 
are of the form (f, x(t),p(t)), we can obtain the solutions for our initial system. 

5.6. Applications to two-dimensional TDHO's. In this section we apply our previous geomet- 
rical methods to analyse the following two-dimensional ^-dependent harmonic oscillator 

rrf. S Pi , Pi , ^lx{ + <Jjx\ 

H(t,*i,X2,Pi,P2) = y + y + 2y4(f) , 

with u>i and 0J2 being constant and V(t) = u\t + Uo- Nevertheless, our approach is also valid for 
the corresponding generalisation to a rt-dimensional TDHOs. This Hamiltonian is related to an 
uncoupled pair of TDHOs and therefore the same development of the last section applies again. 
In this way, we obtain that its Hamilton equations read 
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and can be transformed into the system 

dx' s 1 



vHt) 

, ,2 



Pi 



1,2, 



V 2 (t) 4 ' 

by means of the ^-dependent change of variables 

Xi ~Wr t = i,2. 

p[ = -u^ + V(t)pi, 

The solutions of the latter system are integral curves of a i-dependent vector field in the distribu- 
tion generated by the vector field 

2 / d i 9 2 , d . d 

x = ~^W X +Pl d7 1 " ^"dg +p *d7 2 - 

If we consider the problem as a differential equation in T*M 2 , the constants of the motion are 
first-integrals for the vector field X+d/dt over Ex T*R 2 . Then, as we have a distribution of rank 
one over a five-dimensional manifold, there exist, at least locally, four functionally independent 
first-integrals. Additionally, three of them can be chosen to be t-independent ones (in terms of 
the variables x[, oc-ztPuPs)- The constants of the motion for the initial TDHO corresponding to 
some of such first-integrals read 

h = (y^) +(V(t) Pi -u lXi f, 1 = 1,2, 

and 

T 1 . / XiUi \ 1 . / X 2 L02 \ 

L\i — — arcsin == arcsm — , 

ui \v(t)Vh) u 2 \VW)h) 

This first-integral is constant along the solutions. Nevertheless, in order for the function to be 
correctly defined, toi /u)2 needs to be rational. Finally, with the aid of ( 15. 19b . we can obtain two 
t-dependent constants of the motion of the form 

f LOi . ( x'iUi\ . 

7 ' = T777\ h arcsm —= i = 1,2. 

V(t) Ul \VJiJ 

As a consequence, we can explicitly obtain the i-evolution of the system. Indeed, either from I\ 
or I2, we reach the following solutions for x\ and x 2 

Xi{t) = sin h - i = l,2. 

uii \ V{t)uiJ 

The properties of these solutions become clearer when we write them in the following way 

Xi(t) = '- sin (Ii — — r , 1=1,2, 

OJi \ Ui(Uit + Uq) ) 

and we realise that the quotient x\(t) / x 2 {t) is a t-independent constant of the motion if uji/uj 2 
is rational. 

These two equations can be considered as the parametric representation of a curve on the 
configuration space Q = K 2 . In the general case x\ and x 2 evolve in an independent way and 
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the behaviour of the curve becomes blurred. In the rational case, the evolutions of x\ and X2 are 
correlated in such a way that the i-dependent coupling function I12 is preserved. The particular 
form of this curve will depend on the relation between m and uq. If u\ — it will be a Lissajous 
curve. If u\ =^ it can be considered as a curve obtained by the addition of growing amplitudes 
to the oscillations of the corresponding Lissajous curve. We can refer to them as 'i-dependent 
Lissajous' figures. Nevertheless, it is not totally clear whether this term is appropriate, since these 
new curves are 'not closed' . 

6. Integrability in Quantum Mechanics 

Some papers have recently been devoted to applying the theory of Lie systems [38, 157, 234] 
to Quantum Mechanics l5"Tll60ll . As a result, it has been proved that the theory of Lie systems 
can be used to treat some types of Schrodinger equations, the so-called quantum Lie systems, 
to obtain exact solutions, i-evolution operators, etc. One of the fundamental properties found is 
that quantum Lie systems can be investigated by means of equations in a Lie group. Through this 
equation we can analyse the properties of the associated Schrodinger equation, e.g. the type of 
Lie group allows us to know if a Schrodinger equation can be integrated |51 1. 

Lately, a lot of attention has also been dedicated to the study of integrability of Lie systems 
and, in particular, of Riccati equations ll40l |47] l50l . In these papers, as in previous sections, it 
has been shown that integrability conditions for Lie systems, in the case of Riccati equations, 
appear related to some transformation properties of the associated equations in SL(2, R). Never- 
theless, as we have pointed out in this work and it was shown in [ 47 1, the same procedure used to 
investigate Riccati equations can be applied to deal with any Lie system. 

Therefore, in the case of a quantum Lie system, there exists an equation on a Lie group as- 
sociated with it [51 1. The transformation properties investigated in the theory of integrability of 
Lie systems can be used to study integrability conditions for quantum Lie systems. All results ob- 
tained in ChapterH] can be generalised to apply to the quantum case and some non-trivial integral 
models can be obtained. The aim of this chapter is to show how to apply the theory of integra- 
bility of Lie systems so as to investigete quantum Lie systems. All our results are illustrated by 
means of the analysis of several types of spin Hamiltonians. 

We must stress the practical importance of this method: It enables us to obtain non-trivial 
exactly solvable i-dependent Schrodinger equations. This fact allows us to investigate physical 
models by means of non-trivial exact solutions. It also provides a procedure to avoid using nu- 
merical methods for studying Schrodinger equations in many cases. 

6.1. Spin Hamiltonians. In this section we investigate a particular quantum mechanical system 
whose dynamics is given by Schrodinger-Pauli equation ||39l . We first prove that this Hamilto- 
nian corresponds to a quantum Lie system and we next apply the theory of integrability of Lie 
systems to such a system to recover some exact known solutions and prove some new ones. 
The system under study is described by the t-dependent Hamiltonian 

H(t) = B x (t)S x + B y (t)S y + B z (t)S z , 

with S X) S y and S z being the spin operators. Let us denote Si = S x , S2 = S y and S3 = S z , then 



96 



J.F. Carinena and J. de Lucas 



-iB x {t)S x {4>) - iB y (t)S y (i>) - iB z (t)S z (iP), (6.2) 



the i-dependent Hamiltonian H (t) is a quantum Lie system, because the spin operators are such 
that 

3 

[iSj,iSk] = ejkiiSi, j,k = 1,2,3, (6.1) 

i=i 

with ejki being the components of the fully skew-symmetric Levi-Civita tensor and where we 
have assumed H = 1. The Schrodinger equation corresponding to this ^-dependent Hamiltonian 

is 

dip 
~dt 

which can be seen as a differential equation determining the integral curves of the i-dependent 
vector field in a (maybe infinite-dimensional) Hilbert space H given by 

X t = B x (t)X? H + B y {t)Xl H + B z {t)Xl H , 

with 

(Xf% = -iS x (ip), = -iS y (iP), (X 3 S % = -iS z (ip). 

The t-dependent vector field X can be written as a linear combination 

X t = J2bk(t)Xl H , 
fc=i 

of the vector fields Xj* H , with bi(t) = B x (t), b 2 (t) = B y (t) and b 3 (t) = B z {t), and therefore 
our Schrodinger equation is a Lie system related to a quantum Vessiot-Guldberg Lie algebra 
isomorphic to su(2). 

Take the basis for su(2) given by the following skew-self-adjoint 2x2 matrices 

1/0 ^ \ 1/0 1 \ 1/iO 



V1 = H z 0)> V2 = H -1 J' V: 2 \ u 
These matrices satisfy the commutation relations 

3 

IVj,vjt] = -jTejkm, j,k = 1,2,3, 
i=i 

which are similar to (16. 1) . Hence, we can define an action § SH : SU(2) x H — > H such that 

<f> SH (exp(c k v k ), ip) = exp(c k iH k )(ip), k = 1,2,3, 
for any real constants c\ , c 2 and C3. Moreover, 

d 
~dt 



$ sif (exp(-rfv fc ,V) = -77 
t=o * 



t=o 



getting that each H is the fundamental vector field associated with v^. Thus, the equation on 
SU(2) related, by means of to the Schrodinger equation (16.21 i is 

3 

It was shown in BTl . and previously in our work, that the group Q of curves in the group of a 
Lie system, in this case Q = Map(R, SU (2)), acts on the set of Lie systems associated with an 
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equation in the Lie group G in such a way that, in a similar way to what happened in ll40l . a curve 
g £ Q transforms the initial equation (16. 3t into the new one characterised by the curve 



a'(t) = -Ad(g) + R a- 1 *a^ = -I>U*K (6 ' 4) 

\k=l / k=l 

Once again, this new equation is related to a new Schrodinger equation in T~L determined by a 
new Hamiltonian 



H'(t)=J2b' k (t)S, 



k ■ 

k=l 

Additionally, the curve g(t) in SU(2) induces a t-dependent unitary transformation U(t) on 
H transforming the initial i-dependent Hamiltonian H(t) into H'(t). 

Summarising, the theory of Lie systems reduces the problem of determining the solution of 
Schrodinger equations related to spin Hamiltonians H(t) to solving certain equations in the Lie 
group SU(2). Then, the transformation properties of the equations in SU (2) describe the trans- 
formation properties of H(t) by means of certain ^-dependent unitary transformations described 
by curves in SU (2). 

Note that the theory here developed for spin Hamiltonians can be straightforwardly employed 
to analyse any quantum Lie system. In this case, our procedure remains essentially the same. It is 
only necessary to replace SU (2) by the new Lie group G associated with the quantum Lie system 
under study. 

6.2. Lie structure of an equation of transformation of Lie systems. Our aim now is to prove 
that the curves in SU (2) relating the equations defined by two curves a(t) and a'(t) in TjSU (2), 
respectively, can be found as solutions of a Lie system of differential equations. 
Recall that the matrices of SU(2) are of the form 

g=( 1 t )> ^,bec, (6.5) 



. ~ b * a 

with | a | 2 + \b\ 2 = 1 and that the elements of su(2) are traceless skew-Hermitian matrices, namely, 
real linear combinations of the matrices {v^ | k = 1, 2, 3}. Then, the equation (16.4b becomes a 
matrix equation that can be written 



3 3 



§ 9' 1 = E + E ^SVkS- 1 - (6-6) 

k=l k=l 



Multiplying both sides of this equation by g on the right, we get 



3 3 



% = -J2 b k( t ) v *9 + Y, bk ^9 Vk - (6 ' 7) 

k=l k=l 

If we consider a reparametrisation of the t-dependent coefficients of g 

a(t) = xi(t) + iyi(t), 
b{t) = x 2 (t)+iy 2 (t), 

for real functions Xj and yj, with j = 1, 2, a straightforward computations shows that (16. 1\ is a 
linear system of differential equations in the new variables x\,x%, y\ and y 2 that can be written 
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as follows 



( XI \ 

X2 

m 
V h J 



( o 

b 3 
V h 



b' 2 -b 2 
b' 2 
b' b\ + h 



-b 3 
-bi 



b. 



&3^ 

-b 2 



Vb\ 

b' 3 
-b' 



64 







\ 


( 


Xl 


\ 






X 2 








Hi 




/ 


{ 


2/2 


J 



vl 



2/2 



(6.8) 



1 describe curves 



Only the solutions of the above system obeying that x\ + : 
in SU(2) and, consequently, are related to solutions of system (16.7V Nevertheless, we can forget 
such a restriction for the time being, because it can be automatically implemented later in a more 
suitable way. Therefore, we can deal with the four variables in the preceding system of differential 
equations (16.8b as if they were independent. This linear system of differential equations is a 
Lie system associated with a Lie algebra of vector fields gl(4, R), but the solutions with initial 
condition related to a matrix in the subgroup SU (2) always remain in such a subgroup. In fact, 
consider the set of vector fields 



Ni = - [ -V2 -z Hi -z h x 2 h xi — - 



N 2 = - 



N 3 = 



d 


d 


d 


ax\ 


ox 2 


+ X2 sr~ 
oyi 


d 


d 


d 


dx\ 


dx 2 


oyi 


d 


d 


d 


yiji — 

OXi 


ox 2 


+ Xi^r— 

dyi 



x 2 



d_ 

dy 2 
d 

dy 2 
g 

dy 2 



1)2 



Vi 



dx 2 



x 2 



dyi 



Xl 



_d_ 

dyi 



-x 2 ^. 1- xi- — 

ox i ox 2 



1)2 



dyi 



yi 



dyi 



Hi 



dxi 



2/2 



dx 2 



Xl 



dyi 



x 2 



dyi 



= -N 2 



for which the non-zero commutation relations are given by: 

[Ni,N 2 ] = -N 3 , [N 2 ,N 3 ] = —Ni, [N 3 , Ni] 

[N[,N^] = [A«] = -N{, [J\& N{] 

Note that [Nj,N' k ] — 0, for j, k — 1,2, 3, and therefore the system of linear differential 
equations ( 16.81 l is a Lie system on R 4 associated with a Lie algebra of vector fields isomorphic to 
= su(2) © su(2), i.e. the Lie algebra decomposes into a direct sum of two Lie algebras isomor- 
phic tosu(2, R), the first one is generated by {N x , N 2 , N 3 } and the second one by {N{, N 2 , N^}. 

If we denote y = (xi,X2, 2/1,2/2) £ the system (16.8b can be written as a system of 
differential equation in ' 



p4. 



§ = *<«.»>. 

with N t being the /-dependent vector field given by 

3 

N(t, y) = T (b k (t)N k (y) + b' k (t)N k (y)) 



(6.9) 



fe=i 



The vector fields {N±, N 2 , N 3 , N[ , N 2 , N^} span a distribution of rank three in almost any 
point of R 4 and consequently there exists, at least locally, a first-integral for all the vector fields 
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( 16.9b . It can be verified that such a first-integral is globally defined and reads I(y) = x\ + 
x\ + y\ + y\. Hence, given a solution y(t) of system ( 16.9b with an initial condition l(y(0)) = 
x\ + x\ + y\ + y\ = 1, then I(y(t)) = 1 at any time t and this solution describes a curve in 
SU(2). Therefore, we have found that the curves in SU(2) relating two different equations on 
SU (2) associated with two Schrodinger equations of the form (16.2b can be described by means 
of the solutions y(t) of ( 16.9b with l(y(0)) = 1, and vice versa: 

THEOREM 6.1. The curves in SU(2) relating two equations on the group SU (2) characterised 
by the curves in su(2) of the form 



satisfying that 7(j/(0)) = 1. This is a Lie system related to a Lie algebra of vector fields isomor- 
phic to su(2) © su(2). 

COROLLARY 6.2. Given two Schrodinger equations corresponding to two spin Hamiltonians, 
there always exists a curve in SU{2) transforming one of them into the other. 

Although the above corollary ensures the existence of a t-dependent unitary transformation 
mapping a given Spin Hamiltonian into any other one, obtaining such a transformation involves 
solving system (16.9b explicitly. This Lie system is related to a non-solvable Lie algebra and, con- 
sequently, it is not easy to find its solutions in general. In view of this, it becomes interesting 
to determine integrability conditions which allow us to solve this system and obtain the corre- 
sponding transformation. This illustrates the interest of the integrability conditions derived in 
next sections, which will be used to derive exact solutions for some physical problems involving 
Spin Hamiltonians. 

6.3. Integrability conditions for SU(2) Schrodinger equations. Let g(t) be a curve in SU(2) 
transforming the equation on SU(2) defined by the curve a(t) into another characterised by a'(i) 
according to the rule (16.6b . If g'(t) is the solution of the equation in SU (2) characterised by a'(i), 
then g(t) = g~ 1 (t)g'(t) is a solution for the equation in SU{2) characterised by &(t). 

If a'(i) lies in a solvable Lie subalgebra of su(2), we can derive g'(t) in many ways [40] and, 
once g'(t) is obtained, the knowledge of the curve g(t) transforming the curve a(i) into &'(t) 
provides the curve g(t) solution of the equation on SU(2) determined by a(t). 

Therefore, starting from a curve a!(t) in a solvable Lie subalgebra of su(2) and using (16.9b . 
with curves in a restricted family of curves in SU{2), we can relate a'(t) to other possible curves 
a(t), finding, in this way a family of equations on SU(2), and thus spin Schrodinger equations 
on T-L, that can be exactly solved. 



3 



a'(f) = -XX(*) v *. 



a(t) = -y^b k (t)v k 




N(t,y) = ]T (b k (t)N k (y)+b' k (t)N' k (y)) , 
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Let us assume some restrictions on the family of solution curves of the system ( 16.9b , e.g. we 
choose 6 = 0. Consequently, there are instances of this system which do not admit a solution 
under these restrictions, i.e. it is not possible to connect the curves a(t) and &'(t) by a curve 
satisfying the assumed restrictions. This gives rise to some compatibility conditions for the ex- 
istence of one of these special solutions, either algebraic and/or differential ones, between the 
t-dependent coefficients of a'(t) and a(<) satisfied by explicitly solvable models found in the 
literature. Therefore, our approach is useful to provide exactly integrable models found in the 
literature and, as we will see next, to derive new ones. 

The two main ingredients to be taken into account in the following sections are: 

1. The equations which are characterised by a curve af(t) for which the solution can be 
obtained. We here consider that a'(t) is associated with a one-dimensional Lie subalgebra 
ofsu(2). 

2. The restriction on the set of curves considered as solutions of the equation (\6.9h We next 
look for solutions of (16.9b related to curves in a one-parameter subset of SU(2). 

Consider the below example: suppose that we want to connect a given a(i) with a final family 
of curves of the form a'(t) = —D{t){c\V\ + C2V2 + C3V3), with c\ 1 C2, C3, being real numbers. 
In this case, system (16.9b . which describes the curves g(t) C SU(2) that transform the equation 
described by a(t) into the equation determined by a! it), reads 

,3 3 

J = b k (t)N k (y) + D(t) ]T c k N k (y) = N(t, y). (6.10) 

k=l k=l 

Note that the vector field 

3 

k=l 

satisfies that 

[N k ,N'} = 0, k = 1,2,3. 

Hence, Lie system ( 16.10b is related to a Lie algebra of vector fields isomorphic to su(2) © K. As 
this Lie system is associated with a non-solvable Vessiot-Guldberg Lie algebra, it is not integrable 
by quadratures and the solution cannot be easily found in the general case. Nevertheless, it is 
worth noting that ( 16.10b always has a solution. 

In this way, we can consider some instances of ( 16.10b for which the resulting system of 
differential equations can be integrated by quadratures. We can consider that x is related to a 
one-parameter family of elements of SU{2). Such a restriction implies that (16.10b not always has 
a solution, because sometimes it is not possible to connect a(<) and a'(i) by means of the chosen 
one-parameter family. This fact imposes differential and algebraic restrictions on the initial t- 
dependent functions b k , with k = 1,2,3. These restrictions will describe known integrability 
conditions and other new ones. So, we can develop the ideas of ll50l l55l in the framework of 
Quantum Mechanics. Moreover, from this point of view, we can find new integrability conditions 
that can be used to obtain exact solutions. 
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6.4. Application of integrability conditions in a SU(2) Schrodinger equation. In this section 
we restrict ourselves to the case af(t) = —D(t)v3, i.e. 

b[(t)=0, b 2 (t)=0, 6 3 (i)=£>(i). (6.11) 

Hence, the system of differential equations ( 16.8b describing the curves g relating a Schrodinger 
equation to H'(t) = D(t)S z is 
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(6.12) 



We see that, according to the result of Theorem 16.11 the i-dependent vector field corresponding 
to such a system of differential equations can be written as a linear combination with i-dependent 
coefficients of the vector fields Ni,N 2 , N3 and N^: 



3 

N(t,y) = Y,bk(t)N k (y) 

k=l 



Thus, system ( I6.12l i is associated with a Lie algebra of vector fields isomorphic to u(l) © su(2). 
This Lie algebra is smaller than the initial one (16.8b , but it is not solvable and the system is as dif- 
ficult to solve as the initial Schrodinger equation. Therefore, in order to get exact solvable cases, 
we need to perform some kind of simplification once again, e.g. by means of the imposition of 
some extra assumptions on the variables. This may result in a system of differential equations 
whose solutions are incompatible with our additional conditions. The necessary and sufficient 
conditions on the t-dependent functions 61, b 2 , 63, b^, b' 2 and b' 3 ensuring the existence of a solu- 
tion compatible with the assumed restrictions on the variables give rise to integrability conditions 
for spin Hamiltonians. 

For instance, suppose that we impose on the solutions to be in the one-parametric subset 
A 1 C SU(2) given by 



j\--y " 



e bl sin ^ 



— hi • y 

-e sin ^ 
cos Z 



b € [0, 2tt) 



(6.13) 



where 7 is a fixed real constant such that 7 7^ 27m, with n <= Z, because in such a case A 1 = ±Id. 
In view of the definition of the sets A 1 and in terms of the parametrisation (16.5) . we have 



7 7 
x\ = cos — , yi = 0, x 2 = — sin — cos 6, 



7 

sin — sin b. 
2 



(6.14) 



The elements of A 1 are matrices in SU(2) and the system of differential equations we obtain 
reads 



(6.15) 
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and then we get two integrability conditions for the system (16.151 ): 

= -6 2 x 2 - biy 2l 

= (63 - D)xi + hx 2 - b 2 y 2 . 



(6.16) 
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We can write the components (B x (t), B y (t), B z (t)) of the magnetic field in polar coordinates, 

B x (t) =B(t) sin 0(f) cos 0(f), 
B y (t) = B(t) sin 0(f) sin 0(f), 
B z (t) = B(t) cos 0(f), 

with e [0, tt) and £ [0, 2ir). 

The first algebraic integrability condition reads, in polar coordinates, as follows: 



and thus, 



5(f) sin 0(f) sin - (cos 4>{t) sin 6(f) - sin 0(f) cos 6(f)) = 
B(t) sin 0(f) sin 1 sin(6(f) - 0(f)) = 0, 



from where we see that 6(f) = 4>(t). In such a case, the second algebraic integrability condition 
in ( 16.16b reduces to 

(B z - D) cos | - B sin - sin = 
and then, the f-dependent coefficient D is 

£> = ~ cos ( 1 + 6). (6.17) 



Finally, we have to take into account the differential integrability condition 

1 / 7 7 \ 

±2=2 \ b2 cos 2 + ( &3 + ^ Sin 9 / ' 
which after some algebraic manipulation leads to 

B fsm(6+2) cos(§ + 0)* 



sin ^ cos ^ 

and then 

^) = B[ t) g^Mte) , (6 . 18) 

sm7 

which is a far larger set of integrable Hamiltonians than the one of the exactly solvable Hamilto- 
nians of this type found in the literature. As a particular example, when and B are constant, we 
find 

= i? Sin(g + 7) ^ (6.19) 
sin 7 

and consequently, 

= Lot + (j) . 

In this way, we get that the f-dependent spin Hamiltonian H (f) determined by the magnetic 
vector field 

B(f) = £?(sin0cos(wf), sin0 sin(wf), cos0). 

is integrable. 

Another interesting integrable case is that given by = J, that is, the magnetic field moves 
in the XZ plane, see ll20l 1 1 391 1 1401 . In such a case, in view of the integrability conditions ( 16. 19b . 
the angular frequency reads 

= B cotaii7 = u>. 
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The last one of the most known integrable cases of Spin Hamiltonian is given by a magnetic 
field in a fixed direction, i.e. B(i) = B(t)(sm8 cos tj>, s'md sin0, cos 9). Obviously, this case 
satisfies integrability condition ( 16.19b for 7 = —6. 

Apart from the previous cases, the integrability condition (16.18b describes more, as far as we 
know, new integrable cases. For instance, consider the case with 9 fixed and B non-constant. In 
this case, the corresponding H(t) is integrable if 

<fi sm(9 + 7) 
Bit) ~ sm~7~ ' 

that is, if we fix 7 = ir/2 we have that 

u = <j> = B(t) cos 9 => 4>{t) = cos 9 [ B(t')dt'. 



Furthermore, we can consider 8(t) = t and B constant. In this case, we get that the t- 
dependent Hamiltonian H(t) is integrable if the <f>(t) holds the condition 

4> = B cos t =>■ 4>(t) = B sin t. 

Indeed, note that in this case the integrability condition (16.18b trivially follows for 7 = —1/2. 

To sum up, we have shown that there exists a large family of i-dependent integrable spin 
Hamiltonians that includes, as particular cases, many integrable cases known up to now. Addi- 
tionally, it is easy to check whether a t-dependent spin Hamiltonian satisfies the integrability 
condition ( 14.33b and then, it can be integrated. 

6.5. Applications to Physics. Let us use the above results in order to solve a i-dependent spin 
Hamiltonian 

H{t) = B(t) • S, 

which broadly appears in Physics: the one characterised by a magnetic field 

B(t) = £(sin0cos(cjt),sin0sin(a;i),cos0), (6.20) 

that is, a magnetic field with a constant modulus rotating along the OZ axis with a constant angu- 
lar velocity lu. Such Hamiltonians have been applied, for instance, to analyse the spin precession 
in a transverse i-dependent magnetic field [208 1, investigate the adiabatic approximation and the 
unitary of the <-evolution operator through such an approximation 11160] 11781 . etc. 

In the previous section we showed that this i-dependent Hamiltonian is integrable. Indeed, 
the integrability condition ( 16.19b can be written as 

sin 8 

tan7 = —. , (6.21) 

4 — cos 9 

where we recall that 7 has to be a real constant. In the case of our particular magnetic field ( 16.201 ) 
the angular frequency, uj — <j>, the angle 9 and the modulus B are constants. Therefore 7 is a 
properly defined constant, the integrability condition (16. 19b holds and the value of 7 is given by 
equation ( 16.21b in terms of the parameters B, 9 and cj, which characterise the magnetic vector 
field (16301 

We have already shown that if B(t) satisfies ( 16.191 ). then H(t) is integrable, because it can 
be transformed by means of a i-dependent change of variables determined by a curve g(t) in 
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the set A.y into a straightforwardly integrable Schrodinger equation determined by a ^-dependent 
Hamiltonian H'(t) = D(t)S z . For simplicity, let us parametrise the elements of A 7 in a new way. 
Consider a = (<ri, 02, 03) and n € M 3 , where the matrices 0$ are the Pauli matrices, a x , a y , a z . 
We have 



10 ■ n sin ( 



So, for n = ( ai -" 2 '°) w jth real constants on, 012 and taking into account that vi 



and v 3 = we get 



cos! -e-^sin 5 



exp(a lVl + a 2 v 2 ) = exp ( z-a • n I = I itp ^ s 2 ) (6.22) 



2 ~ 2 



with 5 = \/ a\ + a\ and — e * v = (iai +02)/ yaf + af. In terms of (5 and ip the variables ai 
and a 2 can be written a% = S sin i/3 and «2 = — <5 cos Hence, in view of ( 16.221 ). we see that we 



can describe the elements of A 1 as 



cos ^ — e bl sin ^ 
e bl sin ? cos ? 



= exp(7sin&vi — 7COS6V2), (6.23) 



where b and 7 are real constants. For magnetic vector fields (16.20K the t-dependent change of 
variables transforming the initial H(t) into an integrable H'(t) = D(t)S z is determined by a 
curve in A 1 with 7 determined by equation ( 16.19b and b(t) = <f>(i). Thus, such a curve in A 1 
takes the form 

t h-> exp(7 sin(wi) vi — 7 cos(wi) v 2 ) (6-24) 

We want to emphasise that the above i-dependent change of variables in SU(2) transforms the 
equation in SU(2) determined by the initial curve 

a(i) = -B x {t)v l - B y (t)v 2 - B,(t)v 3 , 

into and a new equation in SU(2) determined by a curve &'(t) = —D(t)v3. Such a i-dependent 
transformation in SU (2) induces a i-dependent unitary change of variables in H transforming 
the initial Schrodinger equation determined by the i-dependent Hamiltonian H (t), i.e. 

dtp 



into the new Schrodinger equation 



^ = -iH\t)W) = -iD(t)S z (ip'). (6.25) 

The relation between ip and ip' is given by the corresponding ^-dependent change of variables in 
% induced by curve (16.241 1. i.e. 

ip = cxp(7sin(W) iS x — 7Cos(W) iS y )ip. (6.26) 

In view of expression ( 16.17b . we see that 



7 

D = B(cos 8 — tan— sin ( 



and from (16. 2U and the relations 



2tan^ 7 -1 ± J\ + tan 2 7 
tan7 = tm 2 = ta^ ' 
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we obtain 

T 1 / oj / o> 2 UJ \ 

tan- = h cos 9 ± \ — - 2 — cos 9 + 1 . 

2 sine IS VS 2 B I 

If we substitute the above expression in the latter expression for D, it turns out that 

D = oj ± Vlj 2 -2ojBcos6 + B 2 . 

That is, D becomes a constant. Thus, the general solution %jj' t for the Schrodinger equation (16.25) 
with initial condition ifj'o is 

V>'(i) = exp(-itDS z )i()' Q , 

and the solution for the initial Schrodinger equation with initial condition tpo can be obtained 
undoing the t-dependent change of variables (16. 26b to get 

ipt = cxp (— ijsinuit S x + cosuit S y ) exp (—iDtS z ) ipo. 



7. The theory of quasi-Lie schemes and Lie families 

7.1. Introduction. Several important systems of first-order ordinary differential equations can 
be studied through the theory of Lie systems. Moreover, this theory was recently applied to 
study SODE Lie systems, quantum Lie systems, some partial differential equations, etc. These 
last successes allow us to recover, from a unifying point of view, several results disseminated 
throughout the literature and to prove multiple new properties of systems of differential equations 
appearing in Physics and Mathematics. Apart from these successes, there are still some reasons 
to go further in the generalisation of the theory of Lie systems: 

• Lie systems are important but rather exceptional. The theory of Lie systems investigates 
very interesting equations with many applications, e.g. t-dependent frequency harmonic 
oscillators, Milne-Pinney equations, Riccati equations, etc. Nevertheless, it fails to study 
many other (nonautonomous) interesting systems, like nonlinear oscillators, Abel equa- 
tions, or Emden equations. 

• The theory of Lie systems does not allow us to investigate superposition rules involving an 
explicit t-dependence which appears in various interesting systems, e.g. dissipative Milne- 
Pinney equation, Emden-Fowler equations l42l . second-order Riccati equations 1481 11261 . 
whose properties are worth analysing. 

• Lie systems have an associated group of i-dependent changes of variables enabling us to 
transform each particular Lie system into a new one of the same class, e.g. the group of 
curves in SX(2,R) transforms a Riccati equation into a new Riccati equation. A similar 
property frequently applies to integrate differential equations, like Abel equations [74). A 
natural question arises: Is there any kind of systems of differential equations more general 
than Lie systems admitting an analogue property? 

The theory of quasi-Lie schemes |34| and the Generalised Lie Theorem (35), which gives 
rise to the Lie family notion, provide an answer to these problems. More specifically, quasi-Lie 
schemes, quasi-Lie systems and Lie families are interesting because: 
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• The theory of quasi-Lie schemes and the Generalised Lie Theorem permit us to inves- 
tigate a very large family of differential equations including Lie systems. More specifi- 
cally, this family includes, for instance, the following non-Lie systems: Emden-Fowler 
equations [34, 42], nonlinear oscillators [34|, dissipative Milne-Pinney equations IT341I451 . 
second-order Riccati equations [48], Abel equations [35], etc. Moreover, not only quasi-Lie 
schemes and Lie families can be applied to investigate systems of first-order ordinary dif- 
ferential equations, but they can also be employed, for instance, to investigate second-order 
differential equations 11421 l45l . 

• The theory of quasi-Lie schemes and the Generalised Lie Theorem treat, in a natural way, 
systems admitting a t-dependent superposition rule. These theories show that many dif- 
ferential equations admit a t-dependent superposition rule, e.g. Abel equations [35 1, dissi- 
pative Milne-Pinney equations |34|, Emden-Fowler equations [42], second-order Riccati 
equations [48 1, etc. 

• The quasi-Lie scheme concept permits us to transform a differential equation within a 
fixed family, e.g. a first-order Abel equation into a new one with different t-dependent coef- 
ficients. This feature generalises the transformation properties of Lie systems and enables 
us to derive integrability conditions for differential equations from a unified point of view. 

Consequently, the theory of quasi-Lie schemes and the Generalised Lie Theorem represent 
powerful methods to study first- and higher-order differential equations. 

7.2. Generalised flows and f-dependent vector fields. Recall that a nonautonomous system of 
first-order ordinary differential equations on R™ is represented in modern differential geometric 
terms by a i-dependent vector field X — X(t, x) on such a space. On a non-compact manifold, 
the vector field X t (x) — X(t, x), for a fixed t, is generally not defined globally, but it is well 
defined on a neighbourhood of every point xo £ R" for sufficiently small t. It is convenient to 
add the variable t to the manifold and to consider the autonomisation of our system, i.e. the vector 
field 

X(t,x) = — +X(t,x), 

defined on a neighbourhood U x of {0} x R™ in R x R". The vector field X t is then defined on 
the open set of R™, 

U x = {z GR n | (t,x )£U x }, 

for all t £ R. If U x — R™ for all t £ R, we speak about a global t-dependent vector field. The 
system of differential equations associated with the t-dependent vector field X(t, x) is written in 
local coordinates 

dx l 

— = X t (t,x), i = l,...,n, 

where X(t, x) = Y2?=i X i (t, x)d/dx l is locally defined on the manifold for sufficiently small t. 

A solution of this system is represented by a curve s H> 7(s) in R™ (integral curve) whose 
tangent vector 7 at t, so at the point j(t) of the manifold, equals X(t, j(t)). In other words, 

j(t)=X(t n (t)). (7.1) 

It is well-known that, at least for smooth X we work with, for each xq there is a unique maximal 
solution 7^? (t) of system d7.U with the initial value xq, i.e. satisfying 7^? (0) = xq. This solution 
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is defined at least for t's from a neighbourhood of 0. In case 7^? (t) is defined for all t G R, we 
speak about a global t-solution. 

The collection of all maximal solutions of the system (17. Il l gives rise to a (local) generalised 
flow g x on R™. By a generalised flow g on R™ we understand a smooth ^-dependent family g t 
of local diffeomorphisms on R n , <7t(a;) = g(t,x), such that go = idRn. More precisely, g is 
a smooth map from a neighbourhood U 9 of {0} x R™ in 1 x R n into R™, such that g t maps 
diffeomorphically the open submanifold Uf = {xo G R n | (£,xo) G U 9 } onto its image, and 
go = idsgn . Again, for each xq G R™ there is a neighbourhood [/^ of Xq in R" and e > such 
that g t is defined on U Xo for i G (— e, e) and maps ET^ diffeomorphically onto g t (U Xo ). 
If f7f = R™ for all t G R, we speak about a global generalised flow. In this case 
G Diff (R n ) may be viewed as a smooth curve in the diffeomorphism group Diff(R") with 
.90 = idR" . 

Here it is also convenient to autonomise the generalised flow g extending it to a single local 
diffeomorphism 

g(t,x) = (t,g(t,x)) (7.2) 

defined on the neighbourhood U 9 of {0} x 1" in R x R ra . The generalised flow g x induced by 
the i-dependent vector field X is defined by 

g x (t 1 x ) = ^(t). (7.3) 

Note that, for g — g x , equation (17.31 ) can be rewritten in the form: 

X t =X(t,x) ^gtogi 1 . (7.4) 

In the above formula, we understood X t and g t as maps from R™ into TR™, where gt(x) is the 
vector tangent to the curve s 1— > g(s, x) at g(t, x). Of course, the composition g t o , called 
sometimes the right-logarithmic derivative of t 1— > g u is only defined for those points xq G 1" 
for which it makes sense. But this is always the case for sufficiently small t, at least locally. 

Let us observe that equation (17. 41 defines, in fact, a one-to-one correspondence between gen- 
eralised flows and t-dependent vector fields modulo the observation that the domains of g t o g^ 1 
and X t need not to coincide. In any case, however, g t o g^ 1 and X t coincide in a neighbourhood 
of any point for sufficiently small t. One can simply say that the germs of X and g t o g^ 1 coincide, 
where the germ in our context is understood as the class of corresponding objects that coincide 
on a neighbourhood of {0} x R" in R x R™. 

Indeed, for a given g, the corresponding ^-dependent vector field is defined by (17.41 1. Con- 
versely, for a given X, the equation (17.4b determines the germ of the generalised flow g(t, x) 
uniquely, as for each x = xq and for small t equation ( 17.4b implies that t H> g(t,Xo) is the 
solution of the system defined by X with the initial value xq. In this way we get the following. 

THEOREM 7.1. Equation \7.4\ defines a one-to-one correspondence between the germs of gen- 
eralised flows and the germs oft-dependent vector fields on R™. 

Any two generalised flows g and h can be composed: by definition (g o h) t — gt h t , where, as 
usual, we view g t o h t as a local diffeomorphism defined for points for which the composition is 
properly defined. It is important to emphasise that in a neighbourhood of any point it really makes 
sense for sufficiently small t. As generalised flows correspond to i-dependent vector fields, this 
gives rise to an action of a generalised flow h on a i-dependent vector field X, giving rise to 
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h+X, defined by the equation 

g h * x = h o g x . (7.5) 
To obtain a more explicit form of this action, let us observe that 

= d{h °f ]t ° (h o g x )^ = o flf + ^Msf )) ° (gV ° ft*" 1 , 

and therefore 

(ft*X)t = o h- 1 + Dht (gf o (g X )~ 1 ) o ft" 1 , 

i.e. 

(/i*X) t = h t oht 1 + (h t )4X t ), (7.6) 

where (/it)* is the standard action of diffeomorphisms on vector fields. In a slightly different 
form, this can be written as an action of i-dependent vector fields on i-dependent vector fields: 

(glX) t = Y t + (gY)*(X t ). (7.7) 

For global i-dependent vector fields on compact manifolds, the latter defines a group structure in 
global i-dependent vector fields. This is an infinite-dimensional analogue of a group structure on 
paths in a finite-dimensional Lie algebra, which has been used as a source for a nice construction 
of the corresponding Lie group in [90 1 . Since every generalised flow has an inverse, (g~ 1 )t = 
{gt)~ l i so generalised flows, or better to say, the corresponding germs, form a group and the 
formula ( 17.7b allows us to compute the i-dependent vector field (right-logarithmic derivative) 
X^ 1 associated with the inverse. It is the i-dependent vector field 

X^ = -{g x )-\X t ). (7.8) 

For i-independent vector fields X t = Xq for all t we have {g x )*X — X and also we get the 
well-known formula 

x- 1 = -X . 

Note that, by definition, the integral curves of h+X are of the form h t {^{t)), where 7(f) are 
integral curves of X. We can summarise our observation as follows. 

THEOREM 7.2. The equation \7.6\ defines a natural action of generalised flows on t-dependent 
vector fields. This action is a group action in the sense that 

(goh) if X = 9if (h if X). 

The integral curves ofh+X are of the form h t {^{t)), for j(t) being an arbitrary integral curve 
forX. 

The above action of generalised flows on i-dependent vector fields can also be defined in an 
elegant way by means of the corresponding autonomisations. It is namely easy to check the 
following. 

THEOREM 7.3. For any generalised flow h and any t-dependent vector field X on a manifold 
R n , the standard action h*X of the diffeomorphism h, being the autonomisation of h, on the 
vector field X, being the autonomisation of X, is the autonomisation of the t-dependent vector 
field h+X: 

h*X = h^X. 



Lie systems: theory, generalisations, and applications 



109 



7.3. Quasi-Lie systems and schemes. By a quasi-Lie system we understand a pair (X, g) con- 
sisting of a t-dependent vector field X on a manifold R" (the system) and a generalised flow g 
on M™ (the control) such that is a Lie system. 

Since for the Lie system g+X we are able to obtain the general solution out of a number 
of known particular solutions, the knowledge of the control makes possible the application of a 
similar procedure for our initial system possible. Indeed, let $ — $(xi, . . . , x m ; k\, . . . , k n ) be 
a superposition function for the Lie system g+X, so that, knowing m solutions Sm, . . . , 5v m ), 
of g+X, we can derive the general solution of the form 

£(o) = $(%),..., i( m) ;fci,...,fc„). 

If we now know m independent solutions, 2m, ■ • ■ , xr m )i of X, then, according to Theorem 
17.31 x a (t) = gt(x a (t)) are solutions of g+X, producing a general solution of g+X in the form 
$(Sm , . . . , S( m ) ; fci, . . . , k n ). It is now clear that 

X(Q){t) = 9t X ° $(0t(a(i)(*))) • ■ • .fft^Cm)^)); fci, ■ • • , fcn) (7.9) 
is a general solution of X. In this way we have obtained a t-dependent superposition rule for the 
system X. We can summarise the above considerations as follows. 

THEOREM 7.4. Any quasi-Lie system (X, g) admits a t-dependent superposition rule of the form 
A7.9h where $ is a superposition function for the Lie system g+X. 

Of course, the above t-dependent superposition rule is practically useless for finding the gen- 
eral solution of a system X only if the generalised flow g is explicitly known. An alternative 
abstract definition of a quasi-Lie system as a t-dependent vector field X for which there exists a 
generalised flow g such that g+X is a Lie system does not have much sense, as every X would 
be a quasi-Lie system in this context. For instance, given a t-dependent vector field X, the pair 
(X, {g x )~ 1 ) is a quasi-Lie system because (g*)^ 1 o g x = iciRn, thus (g x )^~X = 0, which is 
a Lie system trivially. On the other hand, finding (g x )~ 1 is nothing but solving our system X 
completely, so we just reduce to our original problem. In practice, it is therefore crucial that the 
control g comes from a system which can be integrated effectively. There are, however, many 
cases when our procedure works well and provides a geometrical interpretation of many ad hoc 
methods of integration. Consider, for instance, the following scheme that can lead to 'nice' quasi- 
Lie systems. 

Take a finite-dimensional real vector space V of vector fields on M™ and consider the family, 
V(R), of all t-dependent vector fields X on R™ such that X t belongs to V on its domain, i.e. 
X t G V\xjx or, in short, X g V(M). We will say that these are t-dependent vector fields taking 
values in V . The t-dependent vector fields of V(M) depend on a finite family of control functions. 
For example, take a basis {Xi, . . . , X r } of V and consider a general t-dependent system with 
values in V determined by b = b(t) = (&i(t), . . . , b r (t)) as 

r 

(X b ) t = ^6 Q (t)AV 

a=l 

On the other hand, the nonautonomous systems of differential equations associated with X £ 
V\jjx are not Lie systems in general, if V is not a Lie algebra itself. If we additionally have 
a finitely parametrised family of local diffeomorphism, say g — g(ai, . . . , a^), then any curve 
a = a(t) = (ai(t), . . . , afc(t)) in the control parameters, defined for small t, gives rise to a 
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generalised flow gf = g(a(t)). Let us additionally assume that there is a Lie algebra Vb of vector 
fields contained in V. We can look for control functions a(t) such that for certain b(t) we get that 
g+X b has values in Vq for each t. Let us denote this as 

g%X b £ V (R). (7.10) 

Consequently, each pair (X b , g a ) becomes a quasi-Lie system and we can get a i-dependent 
superposition rule for the corresponding system X h . 

Let us observe that in the case when all the generalised flows g a preserve V, i.e. for each 
t-dependent vector field X b £ V(R) also g%X b £ V(M), the inclusion ( 17.10b becomes a differ- 
ential equation for the control functions a(t) in terms of the functions b(t). This situation is not 
so rare, as it may seem at first sight. Suppose, for instance, that we find a Lie algebra W C V 
such that [W, V] C V and that the i-dependent vector fields with values in W can be effectively 
integrated to generalised flows. In this case, any i-dependent vector field Y a with values in W 
gives rise to a generalised flow g a which, in view of transformation rule (17. 7K preserves the set 
of i-dependent vector fields with values in V. For each b = b(t) the inclusion (17 . 1 Ob becomes 
therefore a differential equation for the control function a = a(t) which often can be effectively 
solved. 

Definition 7.5. Let W, V be finite-dimensional real vector spaces of vector fields on R™. We 
say that they form a quasi-Lie scheme S(W, V) if the following conditions are satisfied 

1 . W is a vector subspace of V . 

2. W is a Lie algebra of vector fields, i.e. [W, W] C W. 

3. W normalises V, i.e. [W, V] C V. 

If V is a Lie algebra of vector fields, we simply call the quasi-Lie scheme S(V, V) a Lie scheme 
S(V). 

Note 7.6. Although the normaliser of V in V is the largest Lie algebra of vector fields that we 
can use as W, for practical purposes it is sometimes useful to consider smaller Lie subalgebras. 

Definition 7.7. We call the group of the scheme S(W, V) the group Q (W) of generalised flows 
corresponding to the f-dependent vector fields with values in W. 

Main Theorem 7.8. (Main property of a scheme) Given a quasi-Lie scheme S(W, V), then 
g+X 6 V(M") for every ^-dependent vector field X £ V(M.) and each generalised flow g £ 

G(W). 

The proof for this is obvious and follows straightforwardly from the fact that if g Y is the gen- 
eralised flow of a ^-dependent vector field Y £ W(R) and X takes values in V, then, according 
to the formula (17. 7t . g\X takes values in V as well, as [W, V] C V and V is finite-dimensional. 

In some applications, it turns out to be interesting to use a more general class of transforma- 
tions than those described by Q(W). Nevertheless, such transformations keep the main property 
of the generalised flows Q (W), namely, for a given scheme S(W, V) they transform elements of 
V(R) into elements of this space. 

Recall that given a Lie algebra of vector fields W C X(R"), there always exists, at least 
locally in R n , a group action $ : G x (J — > U, with G a Lie group with Lie algebra g, whose 
fundamental vector fields are those of W (cf. Ml 441 and Section [T~2l . For simplicity, we shall 
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suppose, as usual, that this action is globally defined on R™, and we will write $:Gx R™ 
and define the restriction map <P g : x £ W 1 H> & g (x) = $(.g, x) £ K n for every g € G. 

LEMMA 7.9. Given a scheme S(W, V), an element g £ exp(fl), and a vector field X £ 
then <P g *X £ V(R). 

Proof. As g £ exp(g), there exists an element a £ g such that g = exp(a). Consider the curve 
h : s £ [0, 1] H> exp(s a) £ G. By means of the action $ : G x B" -> R n , whose fundamental 
vector fields are the Lie algebra of vector fields W, the curve h(s) induces the generalised flow 
h Y : x el" H> $(exp(s &),x) £ M™ of the vector field 

d 



^ - 1 



$(exp(s a), x) 



s=0 

and, obviously, V £ W . Taking into account the relation 0] p. 91] 

^-h Y stt X = h Y _^[Y,X], 

we define, for each s, the vector field Z_ s = h Y stt X to get 

(fc^X)* = X x + f S l-Z {Q l(x)d S ' = X X + (\h Y sltt [Y,X]) x ds'. 
Jo Os J 

If we call Z_ s = h Y sse ([Y, X]) and apply the above expression to [Y, X], we get 

(hZ„\Y,X]) x = [Y,X] X + J' ±Z^,(x)ds> 

= [Y,X] X + (\h Y _ sljf [Y,[Y,X]]) x ds'. 
Jo 

Defining Z_ s in an analogous way and applying all these results to the initial formula for h Y sr X 
we obtain 

(hl e .X) x =X X + [Y,X] x s + i[Y, [Y,X}} x s 2 + [Y, [Y,X}]] x s 3 + ... 
By means of the properties of the scheme, we obtain that each term belongs to V(K), i.e. 

[Y,[Y,...,[Y,X]...]]eV(R), 

and therefore 

$> g *X = h^X £ V(R). 



Note that every curve g(t) in G determines a diffeomorphism on K x R ra of the form & g (t) : 
(t,x) G K x 1" m- (t, $g(t)x) £ K x R™. Therefore, given a i-dependent vector field X £ 
3Et(R n ) and a curve g(t), this curve transforms X into a new vector field X' such that X' = 
3> g u\X. For the sake of simplicity, we hereby denote X 1 = g+X and g t : x £ R™ H> ^ s (t)X € 
R™. Obviously, in similarity with equation (17.6b . we have (g+X)t — gt° g^ 1 + gt*(X) and the 
set of curves in G makes up an infinite-dimensional group acting on 3£t(R"). 

PROPOSITION 7.10. Given a scheme S{W, V), a curve g(t) in G, and a t-dependent vector field 
X £ V(R), then g+X £ V(R). 
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Proof. As formula ( 17.6b remains valid for the action of curves g(t) included in exp(g), proving 
that g+X belongs to V(JSL) can be reduced to checking that the corresponding terms g t o g^ 1 and 
gt*X are in V(R). On one hand, g t o g^ 1 £ W(K) C V(M) and, by means of Lemma 17191 we 
get that gt*X 6 V(R) for each t. Consequently, we see that g+X 6 F(R). Since every curve 
git) C G decomposes as a product g = g\ ■ . . . ■ g p of curves gj C exp(g), with j = 1, . . . ,p, it 
follows that g+X € V(M) for every curve g(£) C G. ■ 

Definition 7.11. Given a scheme £(W, F), we call symmetry group of the scheme, Sym(M / ), 
the set of i-dependent transformations & g (t) induced by the curves git) in G and an action <f> 
associated with the Lie algebra of vector fields W . 

In order to simplify the notation, we hereby denote the i-dependent transformation 5? s (t) with 
the curve g. 

Definition 7.12. Given a quasi-Lie scheme S(W,V) and a i-dependent vector field X e 
V(R), we say that X is a quasi-Lie system with respect to S{W, V) if there exists a i-dependent 
transformation g € Sym(M / ) and a Lie algebra of vector fields Vq C V such that 

9if X e V (R). 

We emphasise that if X is a quasi-Lie system with respect to the scheme S(W, V), it auto- 
matically admits a t-dependent superposition rule in the form given by (17.9) . 

7.4. f-dependent superposition rules. Minor modifications in the geometric approach to Lie 
systems detailed in Section [T31 allow us to derive a new theory, based on the so-called Lie family 
concept, in order to treat a much larger family of systems of differential equations including Lie 
and quasi-Lie systems. Roughly speaking, Lie families are sets of systems of differential equa- 
tions admitting a common superposition rule with i-dependence. This theory clearly generalises 
the superposition rule notion and provides a characterisation, described by the so-called Gener- 
alised Lie Theorem, of families of systems admitting such a property. Next, we provide a brief 
description of this theory and summarise its main results. For further details, see ll35l . 

Consider the family of nonautonomous systems of first-order ordinary differential equations 
on W 1 , parametrised by the elements d of a set A, of the form 
dx l 

— =YJit,x), i = l,...,n, deA. (7.11) 

describing the integral curves of the family of i-dependent vector fields {YdjdeA given by 

n 

i=l 

Let us state the fundamental concept to be studied along this section: 

Definition 7.13. We say that the family of nonautonomous systems ( 17.111 ) admits a common 
t-dependent superposition rule if there exists a map $:Rx K™( m + 1 ) — > R™ ; i.e. 

x = $(i,x (1 ),...,X( m) ;fci,...,fc„), (7.12) 

such that the general solution, x(t), of any system Yd of the family ( 17.1 U can be written, at least 
for sufficiently small t, as 

x(t) = £(!)(£),..., £( m )(i);fci,...,fc„), 
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with {x( a j(t)\a = 1, . . . , m} being any generic family of particular solutions of Yd and the set 
{ki, . . . ,k n } being n arbitrary constants to be associated with each particular solution. A family 
of systems d7.1 U admitting a common i-dependent superposition is called a Lie family. 

Definition 7.14. Given a ^-dependent vector field Y = X)£=i Y i (t,x)d/dx i onR", we define 
its prolongation to R x R™( m + 1 ) as the vector field on R x R"( m + 1 ) given by 

m n q 

Y A (t, x (Q) x {m) ) = x («))^r> 

a=0 i=l ( a ) 

and its autonomisation, Y, as the vector field on R x R"( m+1 ) of the form 

d m - d 
Y(t,x {Q) ,...,x {m) ) = _+^^y*(t,a; (a) )— j-. 

a=0 i=l (a) 

The Implicit Function Theorem states that, given a common i-dependent superposition rule 

$:lx R™(™+ 1 ) -> R™ of a Lie family {Y d } deA , the map <S>(t,x {1) , . . . ,x (m) ;) : R n — > R", 
which reads Xiq\ = $(t, £m, • • ■ , X( m );fc), can be inverted to give rise to a map * : R x 
R n(m+i) R » given by 

k = *(i,iC(o) 5 ■ • . ,x (m) ), 
with k = (ki, . . . , k n ) being the only point in R™ such that 

£(0) = $(*,Z(i),---,Z(m);fc)- 

As the fundamental property of the map * says that fy(t, X(o)(£), • ■ • , x/ m ) (t)) is constant for any 
(m + l)-tuple of particular solutions of any system of the family (17. lit , the foliation determined 
by is invariant under the permutation of its (m + 1) arguments {x/ a ) \a = 0, . . . , m} and 
differentiating the preceding expression we get 

-3T + Z)Z)^(*^(a)(t))«-i- = 0, j = l,...,n, deA, (7.13) 

a=0 i=l ^(a) 

with* = (*\...,* n ). 

The relation ( 17.13b shows that the functions of the set | i — 1, . . . , n} are first-integrals 
for the vector fields Yd, that is, Yd^ 1 = 0, with i = 1, . . . , n. Therefore, they generically define 
an n-codimensional foliation JonE x ]R n ( m + 1 ) such that the vector fields Yd, are tangent to the 
leaves 3^ of this foliation, with k £ R n . 

The foliation 5 has another important property. Given the level set 3fc of the map * corre- 
sponding to k = (ki, . . . , k n ) £ R" and a generic point (t, xn\, . . . , X( m )) of R x R m ™, there is 
only one point xm) £ R™ such that (t, a;™, xm, . . . , xr m \) £ $k- Then, the projection onto the 
last m ■ n coordinates and the time 

7T : (t, x (0) , . . . , x (m) ) elx i y (t, x {1) x (m) ) £ R x R™"\ 

induces local diffeomorphisms on the leaves $k of # into R x R nm . 

This property can also be seen as the fact that the foliation # corresponds to a zero curvature 
connection V on the bundle tt : R x R»(" l + 1 ) -> R x R" m . Indeed, the restriction of the 
projection tt to a leaf gives a one-to-one map. In this way, we get a linear map among vector 
fields on R x R nm and 'horizontal' vector fields tangent to a leaf. 
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Note that the knowledge of this connection (foliation) gives us the common t-dependent su- 
perposition rule without referring to the map ^. If we fix the point X( )(0) and m particular 
solutions, (t), . . . , xr m ) {t), for a system of the family, then X(o) (t) i s the unique curve in R n 
such that 

(t, x (0) (t), x (1) (t), . . . , x (m) (t))£lx R nm 

belongs to the same leaf as the point (0, X( )(0), Xm (0), . . . , x/ m \(0)). Thus, it is only the folia- 
tion 5 what really matters when the common t-dependent superposition rule is concerned. 
On the other hand, if we have a zero curvature connection V on the bundle 

7T : R x R«( m + X ) — s- R x R m '\ 

i.e. if we have an involutive horizontal distribution VonRx that can be integrated to 

give a foliation $ on R x R™( m+1 ) and such that the vector fields Yd are tangent to the leaves of the 
foliation, then the procedure described above determines a common t-dependent superposition 
rule for the family of nonautonomous systems of first-order differential equations (17. lit . 

Indeed, let k € R™ enumerate smoothly the leaves gfc of i-e. there exists a smooth map 
t:RMlx R"('»+i) such that t(R") intersects every $ k in a unique point. Then, if x (0) E R™ 
is the unique point such that 

(*,aC(0)>»(l)) ■ ■ -)^(m)) e 3fc> 
this fact gives rise to a t-dependent superposition rule 

for the family of nonautonomous systems of first-order ordinary differential equations (17.1 U . 
To see this, let us observe that the Implicit Function Theorem shows that there exists a function 
* : R x R»(™+i) _> R suc h that 

*(i,ar (0 ), . . . ,x (m )) = fc, 

which is equivalent to say that (t, X( ), ■ • ■ , xr m \) € 5fc- If we fix a certain fe g R" and take 
certain solutions, xru(t), . . . , x/ m )(t), of a particular instance of (17. lit , then (t) defined by 
means of the condition ^(t, X(o) (t), . . . , Xt m ) (t)) — k also satisfies such an instance. Indeed, let 
x {o)(t) b e me solution with initial value x'^(0) = X( ). Since the vector fields Yd are tangent to 
5, the curve 

1 1 y (t,x {0) (t),x {1 )(t), . . . ,x (m )(t)) 

lies entirely in a leaf of 5, so in 3%. But the point of one leaf is entirely determined by its 
projection tt, so x', q s (t) = X(o) (t) and X(o) (t) is a solution. 

PROPOSITION 7.15. Giving a t-dependent superposition rule H7.12}) for a family of systems of 
differential equations A7.11\l is equivalent to give a zero curvature connection on the bundle tt : 
R x R( m + 1 )™ -}lx R nm /or which the Y d are 'horizontal' vector fields. 

In general it is difficult to determine whether a family of differential equations admits a com- 
mon t-dependent superposition rule by means of the above Proposition. It is therefore interesting 
to find a characterisation of Lie families by means of a more convenient criterion, e.g. through 
an easily verifiable condition based on the properties of the t-dependent vector fields {y a }aeA- 
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Finding such a criterion is the main result of the theory of Lie families. It is formulated as Gen- 
eralised Lie Theorem and based on the following lemmas given below. The first two ones are 
straightforward, a complete detailed proof for the third can be found in ll35ll . 

LEMMA 7.16. Given two t-dependent vector fields X and Y on H." the commutator [X, Y] on 
R x R"( m+1 ) is the prolongation of a t-dependent vector field Z on R™, [X, Y] = Z A . 

LEMMA 7.17. Given a family of t-dependent vector fields, X\, . . . , X r , on R™, their autonomi- 
sations satisfy the relations 

r 

[X j ,X k ](t,x) = J2fM t )Mt,x), j,k = l,...,r, 
i=i 

for some t-dependent functions fju '■ K — > ffi, ifandonlyiftheirt-prolongationstoWLxW l ( m+1 \ 
X\ , . . . , X r , obey analogous relations 

r 

[X j ,X k ]{t,x) = Y,fikl{t)Xi{t,x), j,k = l,...,r. 
i=i 

Moreover, X^=i fjki (t) — 0/or all j,k = 1, . . . ,r. 

LEMMA 7.18. Consider a family of t-dependent vector fields, Y\, . . . , Y r , with t-prolongations 
Yi, . . . ,Y r to R x R™( m + 1 ) such that their projections n^(Yj) are linearly independent at a 
generic point in R x R nm . Then, Y?j=i b j Y o> with b j G C°° (R x R nm ), is of the form Y A (resp. 
Y) for a t-dependent vector field Y on R", if and only if the functions bj only depend on the 
variable t, that is, bj — bj(t), and Y^j=i b j = (resp., Y^j=i b j = 

Main Theorem 7.19. (Generalised Lie Theorem) The family of systems ( 17.771 ) admits a com- 
mon t-dependent superposition rule if and only if the vector fields {Yd}deA can be written in the 
form 

r 

Y d (t, x) = ^2 b da {t)X a (t, x), d e A, 

a = l 

where bda are functions of the single variable t such that 5Za=i ^da — 1 and, X\, . . . , X r , are 
t-dependent vector fields satisfying 

r 

\X a ,X p \{t,x) = Y J f a p 1 {t)X 1 {t,x), a,P = l,... t r, (7.14) 

7=1 

for certain functions f a /3j : K — > R. 

The denomination of the above theorem comes from the following proposition, which shows 
that each Lie system can be embedded into a Lie family. In order to formulate this result, let 
us denote by S g (W, V; Vq) the set of quasi-Lie systems of the scheme S(W, V) such that there 
exists a g satisfying that g+X 6 Vb(IR) with Vq a Lie algebra of vector fields included in V. 
Again, complete proof of this proposition can be found in ll35ll . 

PROPOSITION 7.20. The family of quasi-Lie systems S g (W, V; Vq) is a Lie family admitting the 
common t-dependent superposition rule of the form 

®g{t,X(i), . . .,X( m ),fc) = gi 1 o $(# t (x(i),.. .,g t )x (mh k), 
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for any t-independent superposition rule <£> associated with the Lie algebra of vector fields Vq by 
Lie Theorem. 



8. Applications of quasi-Lie schemes and Lie families 

The theory of quasi-Lie schemes, quasi-Lie systems [34| and the theory of Lie families |35| 
can be used to investigate a very large set of differential equations, namely, nonlinear oscillators 
[34|, dissipative Milne-Pinney equations B41 [3511451 . second-order Rice ati equations [48 1, Abel 
equations [35 1, Emden equations [34 42 1, etc. As we showed in the previous section, these theo- 
ries enable us to obtain i-dependent superposition rules, constants of the motion, exact solutions, 
integrability conditions, etc. The main aim in this chapter is to show that the possibilities of ap- 
plication of these methods are very wide and we can obtain a very large set of results from a 
unified point of view. 

More exactly, in previous sections it was proved that Milne-Pinney could be studied by means 
of the theory of Lie systems (see also [43 1). Nevertheless, there exist dissipative Milne-Pinney 
equations that cannot straightforwardly be studied through this theory. In this section, we provide 
a quasi-Lie scheme to treat these dissipative Milne-Pinney equations. Then, we use this quasi-Lie 
scheme to relate these equations to usual Milne-Pinney equations. By means of this relation, we 
obtain a i-dependent superposition rule for dissipative Milne-Pinney equations. 

Apart from dissipative Milne-Pinney equations, we also investigate nonautonomous nonlin- 
ear oscillators. We show that some of these differential equations can be transformed into au- 
tonomous nonlinear oscillators. This result was already derived by Perelomov [180], but here we 
recover it from a more general point of view. More specifically, we obtain that the nonautonomous 
nonlinear oscillators analysed by Perelomov can be seen as differential equations obeying an in- 
tegrability condition derived by means of a quasi-Lie scheme. 

As a last application of the quasi-Lie scheme notion, we extensively analyse Emden equa- 
tions. We provide a quasi-Lie scheme to obtain i-dependent constants of the motion by means of 
particular solutions that obey an integrability condition. The method developed also enables us to 
obtain Emden equations with a fixed i-dependent integral of motion. Kummer-Liouville trans- 
formations are also obtained by means of our scheme and many other properties are recovered. 

Finally, in the last two sections of this chapter, we apply common i-dependent superposition 
rules to study some first- and second-order differential equations. In this way, we will show how 
they can be used to analyse equations which cannot be studied by means of the usual theory of 
Lie systems. Additionally, some new results for the study of Abel and Milne-Pinney equations 
are provided. 

8.1. Dissipative Milne-Pinney equations. In this section, we study the so-called dissipative 
Milne-Pinney equations. We show that the first-order ordinary differential equations associated 
with these second-order ones in the usual way, i.e. by considering velocities as new variables, 
are not Lie systems. However, the theory of quasi-Lie schemes can be used to deal with such 
first-order systems. Here we provide a scheme which enables us to transform a certain kind 
of dissipative Milne-Pinney equations, considered as first-order systems, into some first-order 
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Milne-Pinney equations already studied by means of the theory of Lie systems ll53l . As a result 
we get a i-dependent superposition rule for some of these dissipative Milne-Pinney equations. 

Let us establish the problem under study. Consider the family of dissipative Milne-Pinney 
equations of the form 

x = a(t)x + b(t)x + c(t) — . (8.1) 
x 6 

We are mainly interested in the case e(t) ^ 0, so we assume that c(t) has a constant sign for 
the set of values of t that we analyse. 

Usually, we associate such a second-order differential equation with a system of first-order 
differential equations by introducing a new variable v and relating the differential equation (18. Q 
to the system of first-order differential equations 

( x = v, 

j 2 (8 2) 

I v = a(t)v + b(t)x + c(t) — . 

x 6 

Let us search for a quasi-Lie scheme to handle the above system. Remember that we need to 
find linear spaces WnisM an d VbisM of vector fields such that 

1- W^DisM C VbisM- 

2. [WbisM, Wd!sm] C W-DisM- 

3- [WbisMj VbisM] C VbisM- 



Also, in order to treat system (18.21 through this scheme, we have to ensure that the i-dependent 
vector field 

d ( c(t)\ d 



X t = v—+[ a(t)v + b(t)x-, , , . 
ox \ x* I ov 



whose integral curves are solutions for the system (18.2) . is such that X t € VbisM for every t in 

an open interval of M. 

Consider the vector space VbisM spanned by the vector fields 

d d Id d d 

X 1 = v—, X 2 = x—, X 3 = — — , Xi = v—, X 5 =x— 
ov ov x a ov ox ox 

and the two-dimensional vector subspace tVoisM C VbisM generated by 

Y 1 = X 1 =v—, Y 2 =X 2 =x—. 

ov ov 

It can be seen that WdisM is a Lie algebra, 

[Y U Y 2 ] = -Y 2 , 

and, additionally, as 

[Y U X 3 ] = -X 3 , [Y^Xi] = x 4 , \y u x 6 ] = , 

[Y 2 , X 3 ] = 0, [Y 2 ,X 4 ] = X 5 ~ X u [Y 2 ,X 5 ] = -X 2 , 

the linear space VoisM is invariant under the action of the Lie algebra WbisM ° n VbisM> i- e - 
[WbisMj VbisM] C VbisM- Thus, the vector spaces 

V Di sM = {X U ...,X 5 ) and WoisM = {Y t , Y 2 ) 
of vector fields form a quasi-Lie scheme S , (Vl / DisM, VDisM)- Let us observe that 

X t = a{t)Xi + b{t)X 2 + c(t)X 3 + X 4 
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and thus X e VbisM(K). 

We stress that the vector space VbisM is not a Lie algebra, because the commutator [X3 , X4] 
does not belong to VuisM - Moreover, V" — (X\ , . . . , X4) is not a Lie algebra of vector fields due 
to a similar reason, i.e. [X3, X4] ^ V" . Additionally, there exists no finite-dimensional real Lie 
algebra V' containing V". Thus, system ( 18.21 ) is not a Lie system, but we can use the quasi-Lie 
scheme S^W-ehsM, Vuisu) to investigate it. 

The key tool provided by the scheme S(Wx3isM> VbisM ) is the infinite-dimensional group 
G(Wuism) of generalised flows for the ^-dependent vector fields with values in W, i.e. oti(t)Yi + 
otiifijY^, which leads to the group of i-dependent changes of variables 



G(W„ iaM ) = «?(a(i), /?(*)) = 



a(t)v' + P(t)x' 



a(t) > 0,/3(0) = 0,a(0) = 1 



According to the general theory of quasi-Lie schemes, these previous i-dependent changes of 
variables enable us to transform system (18.2) into a new one taking values in VoisM, 



The new coefficients are 



a'(t)Xi + b'(t)X 2 + c'{t)X 3 + d'{t)X 4 + e(t)X 5 



(8.3) 



a'(t) 
b\t) 

c'(t) 

d'(t) 
e'(t) 



a(t)- 

m 

a(t) 

a(t)' 
a(t), 



(i(t) 
<ra(t) 



a(t) 

a(t) a(t) a(t) ' 



The integral curves for the t-dependent vector field ( 18.3b are solutions of the system 
dx' 



dt 
dv' 

~dt 




a(t)v', 



a(t) a(t) a(t) 
a(t)\ , c(t) \ 



x'+ 



(8.4) 



a{t) J ' a(t) x' 3 ' 

As it was said in Section 17.31 we use schemes to transform the corresponding systems of first- 
order differential equations into Lie ones. So, in this case, we must find a Lie algebra of vector 
fields Vq C VoisM and a generalised flow g £ G{Wu[ s m) such that g+X e Vb(K). This leads 
to a system of ordinary differential equations for the functions a(t), f3(t) and some integrability 
conditions on the initial functions a(t), b(t) and c(t) for such a i-dependent change of variables 
to exist. 

In order to find a proper Lie algebra of vector fields Vq C V, note that Milne-Pinney equa- 
tions studied in [53 1 are Lie systems in the family of differential equations defined by systems 
and therefore it is natural to look for the conditions needed to transform a given system of 
described by the i-dependent vector field X t , into one of these first-order Milne-Pinney 



Lie systems: theory, generalisations, and applications 



119 



equations of the form 



x 
v 



/(*)«. 



k 



-u;(t)x + f(t) — , 



(8.5) 



where k is a constant, i.e. a system describing the integral curves for a i-dependent vector field 
with values in the Lie algebra of vector fields ll53l 

V = (X 4 + kX 3 ,X 2 ,^(X 5 -X 1 )). 
As a result, we get that f3 = 0, a = f and, furthermore, the functions a, a and c must satisfy 



ka 2 = c, 



a — aa = 0, 



(8.6) 



which yield that c and k have the same sign. The second condition is a differential equation for a 
and the first one determines c in terms of a. Therefore, both conditions lead to a relation between 
c and a providing the integrability condition 

(8.7) 



c(f) = fcexp ^2 / a{t)dt 
and showing, in view of (I8.4t . ( 18.5b and ( 18.6b . that 



= cxp (^J a 



(t)dt 



and 



;(£) = -b(t)exp - / a(i)cft 



where we choose the constants of integration in order to get a(0) = 1 as required. 

Summarising the preceding results, under the integrability condition (18.7b , the first-order 
Milne-Pinney equation 

j x = v, 

can be transformed into the system 

' dx' 

— = exp (/ a(t) dt) v', 

dv' k 
= b(t)exp (- / a(t) dt) x' + exp (/ a(t) dt) 



dt 

by means of the f-dependent change of variables 



/3 ' 



g exp 



a(t) dt ) , = 



x = x, 
v' 



exp (J a(t) dt) v. 

We stress the fact that the previous change of variables is a particular instance of the so-called 
Liouville transformation HI 641 . 

The final Milne-Pinney equation can be rewritten through the i-reparametrisation 



r(t) 



exp 



a(t) dt dt, 



( dx' 



v', 



=exp(-2fa(t)dt)b{t(T))x' + —. 
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These systems were analysed in [50| and there it was shown through the theory of Lie systems 
that they admit the constant of the motion 

I = (xv' - vx') 2 + k 



where (x, v) is a solution of the system 

dx 

^ = exp (-2 J a(t) d?j b(t) x . 

which can be written as a second-order differential equation 

d 2 x 



d^ =eXP 



a(t) dt b{t) x . 



If we invert the i-reparametrisation, we obtain the following differential equation 

x - a(t)S - b(t)x = 0, (8.8) 

which is the linear differential equation associated with the initial Milne-Pinney equation. 

As it was shown in [53|, we can obtain, by means of the theory of Lie systems, the following 
superposition rule 

V2 / T . 2 , T n, rrr-r tjt-- r— ^__\V2 



M2#i + l\x\ ± \J M\l 2 - k(xiv 2 - viv 2 ) 2 X\X 2 



\X\V<x - V\X<x\ 

and as the t-dependent transformation performed does not change the variable x, we get the 
i-dependent superposition rule 

^a(t) ( _ 2 _ a r~ k ~ rrrr _ _ V 7 " 

x = 7—1 2— r-r hx 1 + hx 2 ± « 4/iJ 2 57-r (xix 2 - xix 2 y xix 2 

\X!X 2 -xix 2 \ \ y a 2 (t) J 

in terms of a set of solutions of the second-order linear system ( 18.8b . 

Summing up, the application of our scheme to the family of dissipative Milne-Pinney equa- 
tions 

k 



1/2 



x = a(t) x + b(t) x + exp I 2 J a(t) dt J — 
shows that this family admits a ^-dependent superposition principle: 



y/2a(i) (92/ k / 

hyi + hy 2 ± 1/4/1/2 0-777(2/12/2 - 2/22/1) 2/12/2 



\y1y2 - 2/22/1 1 y y or\t) 

in terms of two independent solutions y\ , y 2 for the differential equation 

y-a(t)y-b(t)y = 0. 

So, we have fully detailed a particular application of the theory of quasi-Lie schemes to 
dissipative Milne-Pinney equations. As a result, we provide a t-dependent superposition rule for 
a family of such systems. Another paper dealing with such an approach to dissipative Milne- 
Pinney equations and explaining some of their properties can be found in [45 1. 
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8.2. Non-linear oscillators. As a second application of our theory, we use quasi-Lie schemes to 
deal with a certain kind of nonlinear oscillators. The main objective of this section is to explain 
sevaral properties of a family of i-dependent nonlinear oscillators studied by Perelomov in [ 180|. 
We also furnish a, as far as we know, new constant of the motion for these systems. 
Consider the subset of the family of nonlinear oscillators investigated in [ 1 80 1 : 

x = b(t)x + c(t)x 7 \ n^0,l. 

The cases n = 0, 1, are omitted because they can be handled with the usual theory of Lie systems. 
As in the section above, we link the above second-order ordinary differential equation to the first- 
order system 

{x = v, 
(8.9) 
v = b{t)x + c't)x n . 

Let us provide a quasi-Lie scheme to deal with systems ( 18. 9\ . Consider the vector space Vno 
spanned by the linear combinations of the vector fields 

d d d d d 

Xi=x—, X 2 =x n — , X 3 = v—, X 4 = v—, X 5 =x— 
ov ov ox ov ox 

on TR and take the vector subspace Wno C Vno generated by 

r\ r\ r\ 

Y 1 =X i = v— , Y 2 =X 1 =x—, Y 3 = X 5 =x—. 

ov ov ox 

Therefore, Wno is a solvable Lie algebra of vector fields, 

[Yx,Y 2 ] = -Y 2 , [Y U Y 3 ] = , [Y 2 , Y 3 ] = -Y 2 , 

and taking into account that 

\Yi , X 2 ] = -X 2 , pi , X 3 ] = X 3 , [Y 2 , X 2 ] = 0, 
[Y 2 ,X 3 ]=X 5 -X 4 , [Y 3 ,X 2 ]=nX 2 , [Y 3 ,X 3 ] = -X 3 , 

we see that Vno is invariant under the action of Wmo, i- e - [WjvOj Vno] C Vno- In this way we 
get the quasi-Lie scheme S(Wno, Vno)- 

Now, we have to go over whether the solutions of system (18. 9t are integral curves for a t- 
dependent vector field X £ V/vo)(lR). In order to check this, we realise that the system (18.9) 
describes the integral curves for the f-dependent vector field 

X t ^v-^- + (b(t)x + c(t)x n )^, 

which can be written as 

X t = 6(t)Xi + c[i)X 2 + X 3 . (8.10) 

Note also that [X 2 , X 3 ] ^ Vno and V" — (Xi,X 2l X 3 ) is not only a Lie algebra of vector 
fields, but also there is no finite-dimensional Lie algebra V' including V". Thus, X cannot be 
considered as a Lie system and we conclude that the first-order nonlinear oscillator 

x — v, 

v = b(t)x + c(t)x n . 
describing integral curves of the <-dependent vector field (which is not a Lie system) 

X t = b(t)Xt + c(t)X 2 + X 3 
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can be described by means of the quasi-Lie scheme S(Wno> Vivo)- 

Now, the group of generalised flows Q{Wmo) associated with S(Wno, Vivo) is made of the 
i-dependent transformations 

') ' , , M / 7(*) > 0, /3(0) = 7 (0) = 1, a(0) = 0. 

u = p{t)v + a{t)x 

Let us restrict ourselves to the case a(t) — 7(f) and f3(t) = l/j(t) and apply these transfor- 
mations to the system (18.91 l. The theory of quasi-Lie systems tells us that 

g(a(t),p(t)n(t))*Xe VjvoW- 

Indeed, these ^-dependent transformations lead to the systems 

dx' _ 1 , 

"^"t^"' (8.11) 
dv' 

— = (j 2 (t)b(t) 7(*)7(*))x' + C (t) 7 " +1 (*)*'", 
which are related to the second-order differential equations 

7 2 (^' = -2 7 (t)7(<)i' + ( 7 2 (*)&W ~ 7(*)7(<))^ + e(t) 7 n+1 (*y" ■ 

But the theory of quasi-Lie schemes is based on the search of a generalised flow g £ Q{Wno) 
such that g+X becomes a Lie system, i.e. there exists a Lie algebra of vector fields Vb C Vivo 
such that g+X £ Vo (M) . For instance, we can try to transform a particular instance of the systems 
(18. jjj into a first-order differential equation associated with a nonlinear oscillator with a zero t- 
dependent angular frequency, for example, into the first-order system 



related to the nonlinear oscillator 



dx' „, . , 

7¥ = 

dv ' tM 
— = f(t)c x 



d 2 x' 

C X 



(8.12) 



dr 2 

with dr/dt = /(<). 

The conditions ensuring such a transformation are 

j(t)b(t)-j(t) = 0, c(t)=c 0l - {n+3) (t), (8.13) 

with f(t) = 7-f 2 (t), where 71 is a non-vanishing particular solution for j(t)b(t) — j(t) = 0. 
We must emphasise that just particular solutions with 71 (0) = 1 and 71 (0) = are related 
to generalised flows in Q(Wno)- Nevertheless, any other particular solution can also be used 
to transform a nonlinear oscillator into a Lie system as we stated. The Lie system ( 18.12b is the 
system associated with the ^-dependent vector field 

1 ( , d ,„ d 
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As a consequence of the standard methods developed for the theory of Lie systems 1I52| . we 
join two copies of the above system in order to get the first-integrals 



t - L/2 £2_ ,„+i . 



and 



T X 'l TT ( 1 1 1 , 1 C0X 'l l+1 



Ji Vn + 1'2' n + 1' 7i(n + l) 



x' 2 ( 1 1 1 co4 n+1 



Hyp — — ■ ,=,1 



Via V« + 1 ' 2 ' I a (n + 1), 

where Hyp(a, b, c, d) denotes the corresponding hypergeometric functions. In terms of the initial 
variables these first-integrals for g+X read 



and 



h = \{li{t)±i-ii{t)xif ~ n+1( Z ■ 7T < +1 , i = 1,2, (8.14) 

n+1 



r - i Xl v ( 1 1 i , 1 °0 x i 

J 3 = -tit ^ H yp :ttt> r> j i 



7iW VVA W+1'2' n + V 7 J l+1 (i)/ 1 (n+l) 



As a particular application of conditions (18.13) , we can consider the following example of 
1 180|, where the i-dependent Hamiltonian 

H(t)= 1 - P 2 + ^ X 2 +c 2 ^ +2 \t)^, 

with 71 being such that 71 (<) + oj 2 (i)7i (t) = 0, is studied. The Hamilton equations for the latter 
Hamiltonian are 




(8.16) 

i> = -s(?^ {s+2 \t)x s - 1 -u 2 (t)x, 
which are associated with the second-order differential equation for the variable x given by 

x = -sc 2 ^ 8 ^^- 1 - uj 2 {t)x. (8.17) 

Note that here the variable p plays the same role as v in our theoretical development and the latter 
differential equation is a particular case of our Emden equations with 

b(t) = -uj 2 (t) , c(t) = -sc 2 7l " (s+2) (i), n = s-l. (8.18) 

Let us prove that the above coefficients satisfy the conditions ( 18.131 ): 

1. By assumption, w 2 (i)7i(i) +71 W = 0. Asw 2 (t) = -b(t), then 71 (t)&(i) - 71 (i) = 0. 

2. If we fix Co = — sc 2 , in view of conditions ( 18.181 ). we obtain c(t) = cqj 1 ^ n+3 \t). 

Therefore, we get that the i-dependent frequency nonlinear oscillator (18.17) can be transformed 
into a new one with zero frequency, i.e. 

- -sc X \ 



dT 2 
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with 




reproducing the result given by Perelomov [ 1 80 1 . The choice of the ^-dependent frequencies 
is such that it is possible to transform the initial ^-dependent nonlinear oscillator into the final 
autonomous nonlinear oscillator. Then, we recover here such frequencies as a result of an inte- 
grability condition. Moreover, in view of the expressions (18.14b . ( 18.15b and ( I8.18l l. we get a, as 
far as we know, new ^-dependent constants of the motion for these nonlinear oscillators. 



8.3. Dissipative Mathews-Lakshmanan oscillators. In this section we provide a simple appli- 
cation of the theory of quasi-Lie schemes to investigate the t-dependent dissipative Mathews- 
Lakshmanan oscillator 

{\ + Xx 2 )x- F(t)(l + Xx 2 )x- {Xx)x 2 +u>(t)x = 0, A>0. (8.19) 

More specifically, we supply some integrability conditions to relate the above dissipative oscilla- 
tor to the Mathews-Lakshmanan one ll65l l67l fl42l fT6T1 

(1 + Xx 2 )x - {Xx)x 2 + kx = 0, A > 0, (8.20) 

and by means of such a relation we get a, as far as we know, new t-dependent constant of the 
motion. 

Consider the system of first-order differential equation related to equation ( 18.191 ) in the usual 
way, i.e. 

' x = v, 

Xxv 2 , . x ( 8 - 21 ) 

and determining the integral curves for the i-dependent vector field 

( . . Xxv 2 x \ d d 

Xt = [ F ^ V + TTa^ - " {t) TTx^J ai + v Tx 

Let us provide a scheme to handle the system (18.21b . Consider the vector space V spanned by the 
vector fields 

X — ® + ® X — X ® X — ® (8 22) 

1 dx 1 + Xx 2 dv' " 1 + Xx 2 dv 1 " dv' 

and the linear space W — (X3). The commutation relations 

[^3,^l] = Xi, [X3,X2] — —X2, 

imply that the linear spaces W, V make up a quasi-Lie scheme S(W, V). As the i-dependent 
vector field X t reads in terms of the basis (18.22b 

X t = F(t)X 3 -u(t)X 2 + X u 

we get that X t e V(R). 

The integration of X3 shows that 



9(W) = I g(a(t)) 



v — a(t)v' . 



a(t) > 0, a(0) 
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and the i-dependent changes of variables related to the controls of Q(W) transform the system 
(E2D into 

x' = a(t)v' , 



a(t) J a(t) 1 + Xx' 2 w 1 + Xx' 2 ' 
Suppose that we fix a — F(t)a = 0. Hence, the latter becomes 

x' = a(t)v' , 

u)(t) x' , . Xx'v' 2 



a{t) 1 + Xx 12 w 1 + Xx' 2 ' 
Let us try to search conditions for ensuring the above system to determine the integral curves for 
a i-dependent vector field of the form X(t, x) = f(t)X(x) with ley, e.g. 

x' = f(t)v', 



/(*) 



x' Xx'v' 2 \ 



1 



Xx' 2 1 + Xx' 2 J 



In such a case, a(t) — f(t), uj(t) — —a 2 (t) and therefore uj(t) = — exp (2 J F(t)dt). The 
i-reparametrisation dr = f(i)dt transforms the previous system into the autonomous one 

dx' . 



dv' x' Xx'v 



',,'2 



dr 1 + Xx' 2 1 + Xx' 2 ' 
determining the integral curves for the vector field X = X\ + X2 and related to a Mathews- 
Lakshmanan oscillator (18.20b with k = 1. The method of characteristics shows, after brief calcu- 
lation, that this system has a first-integral 

that reads in terms of the initial variables and the variable f as a ^-dependent constant of the 
motion 

_ a 2 (t) + Xa 2 (t)x 2 
l ' ' j " a 2 (t) + Xv 2 ' 
for the ^-dependent dissipative Mathews-Lakshmanan oscillator (18 . 1 9b getting a, as far as we 
know, new ^-dependent constant of the motion. 

8.4. The Emden equation. In this and following sections we analyse, from the perspective of 
the theory of quasi-Lie schemes, the so-called Emden equations of the form 

x = a(t)x + b(t)x n , n^l. (8.23) 

These equations can be associated with the system of first-order differential equations 

v = a(t)v + b(t)x n . (8 ' 24) 

This system was already studied in ll34l l42l by means of quasi-Lie schemes. We hereafter 
summarise some of the results of these papers, which concern the determination of ^-dependent 
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constants of the motion by means of particular solutions, reducible particular cases of Emden 
equations, etc. 

Consider the real vector space, VEmd, spanned by the vector fields 

d d d d d 

X 1 =x—, X 2 =x n — , X 3 =v — , X 4i = v—, X 5 =x—. 
ov ov ox ov ox 

The ^-dependent vector field determining the dynamics of system (18.24b can be written as a linear 
combination 

X t = a(t)X i + X 3 + b(t)X 2 . 
Moreover, the linear space W^Emd C V"Emd spanned by the complete vector fields, 

f) f) f) 

Yl =X i = v—, Y 2 =X 1 = x—, Y 3 = X 5 =x—, 
ov ov ox 

is a three-dimensional real Lie algebra of vector fields with respect to the ordinary Lie Bracket 
because these vector fields satisfy the relations 

[Y 1 ,Y 2 ] LB = -Y 2 , [Y U Y 3 ] LB =0, [Y 2 ,Y 3 ] LB = -Y 2 . 
Also [W E md, VEmd] lb C V Em d because 

[Yi,X 2 ] LB = —X 2 , [Yi,X 3 ] LB — X 3 , [Y 2 ,X 2 ] LB =0, 
[Y 2 , X 3 ] LB = X 5 — Xi, \Y 3 ,X 2 ] LB = nX 2 , [Y 3 , X 3 ] LB = — X 3 , 

So we get a quasi-Lie scheme 5(WEmd, VEmd) which can be used to treat the Emden equations 
(I8.24l i. This suggests that if we perform the i-dependent change of variables associated with this 
quasi-Lie scheme, namely, 

x = j(t)x', 
v = fi(t)v' + a(t)x' , 

the original system transforms into 

dt \y(t) >y(t)J + 7 W ' 



7(i)£(t)>0,Vi, (8.25) 



<h/_ 
dt 



- ( a(t) _^_Mv+^ (ad) _m_m + m) 



(8.26) 



, Kth n (t) ,n 

+ m ' 

The key point of our method is to choose appropriate functions, a, (3 and 7, in such a way 
that the system of differential equations ( I8.26l l becomes a Lie system. A possible way to do so, 
consists in choosing a, f3 and 7 so that the above system becomes determined by a ^-dependent 
vector field X t = f(t)X, where X is a true vector field and f(t) is a non-vanishing function 
(on the interval of t under study). As it is shown in next section, this cannot always be done and 
some conditions must be imposed on the initial t-dependent functions, a, (3 and 7, ensuring the 
existence of such a transformation. These restrictions lead to integrability conditions. 
Suppose that, for the time being, this is the case. Therefore, the system (18.26b is 

dx' 

— = f(t) (c u a;' + c l2 v') , 

d ' (8 ' 2?) 

-J- = f(t)(c 22 x' n + c x x' + can/) 
at 
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and it is determined by the i-dependent vector field 

X t = f(t)x, 

with 

d d 
X = (cux + ci 2 v )— + (C22X + c x x + C21V ) — 

Under the t-reparametrisation, 



T = J f(t')dt\ 



system ( 18.271 ) is autonomous. The new autonomous system of differential equations is determined 
by the vector field X on TM and therefore there exists a first integral. This can be obtained by 
means of the method of characteristics, which provides the characteristic curves where the first- 
integrals for such a vector field X are constant. These characteristic curves are determined by 

dx' dv' 

CnX' + Cl 2 v' C2lV + C X X' + C 2 2X ln ' 

which can be written as 

(c&iv' + c x x' + c 2 2X ,n )dx' ~ (c n x' + c 12 v')dv' = 0. (8.28) 
This expression can be straightforwardly integrated if 

d c) 

g^( C ^ V ' + C * X ' + C 22X ln ) = -Q^( CllX ' + Cl2V '^ ^ ° 21 = ~ Cl1 ' (8 ' 29) 

Under this condition we obtain the integral of the motion for (18.28b . namely 

y i2 x /2 x' n+1 
I = -C12— + c x — + c 2 iv'x' + c 2 2 — — . (8.30) 
2 2 n + 1 

Finally, if we write the latter expression in terms of the initial variables x, v and t, we get a 

constant of the motion for the initial differential equation. 

If we do not wish to impose condition ( 18.291 l, we can alternatively integrate equation ( 18.28b 

by means of an integrating factor, i.e. we look for a function, fi(x', v'), such that 

g , , , d , , 

— Qu(c 2 l« + C X X + C22X n )) = g^(-fi(cuX + Cl 2 U )). 

Thus the integrating factor satisfies the partial differential equation 

/ / / In \ 9 f-L , f / \ / \ 

— (C21V +C X X +C22X J+Q^( C H X + C 12 U ) = -M( c ll + C2l)- 

If cn + C21 = 0, the integral factor can be chosen to be fj, = 1 and we get the latter first- 
integral (18.30b . On the other hand, if c\\ + c 2 i 7^ 0, we can still look for a solution for the partial 
differential equation for /1 and obtain a new first-integral. 

8.5. f-dependent constants of the motion and particular solutions for Emden equations. The 

main purpose of this section is to show that the knowledge of a particular solution of the Emden 
equation allows us to transform it into a Lie system and to derive a i-dependent constant of the 
motion. 
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If we restrict ourselves to the case a(t) — in the system of differential equation ( 18.26b . it 
reduces to 

dt j(tf + 7 (*) ' 

In order to transform the original Emden-Fowler differential equation into a Lie system by 
means of our quasi-Lie scheme, we try to write the transformed differential equation in the form 

dx' 

-TT = f(t) (Clix' + Ci 2 v') , 

, , (8.32) 

(1,11 

^- = /(<) (C22X ,n + C n v'), 

where the c,j are constants. This system of differential equations can be reduced to an au- 
tonomous one as, under the ^-dependent change of variables, 

' f(t')dt', 

the latter differential equation becomes 

dx' , , 

— = CnX + c 12 v , 

7, (8.33) 

— = C 2 2x' n + C 2 lV '. 

dr 

In order for system (18.3 It to be similar to system (18. 32} . we look for functions a, (3 and 7 
satisfying the conditions, 



JitjCu = -—T-r, f(t)C 12 =— r -, 



7(*)' JW 7(*)' 

f(t)c 22 = m ^, /(*)<* = «(t)-|§. 



(8.34) 



The conditions in the first line lead to 



P(t) = -— 7 (t), (8.35) 

Cll 



and using this equation in the last relation we obtain 



C21 c 2 i 7(t) 

On the other hand from the three first relations in (18.341 we get 

/w-^a (07> 

C22C12 7(t) 

The equality of the right-hand sides of (18.361 1 and ( 18.37b leads to the following equation for 
the function 7: 

7 = o(t)7 + ^^&(t)7 n . 
C22C12 
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Suppose that we make the choice, with C21 = -Cn as indicated in ( 18.291 ), 

C22 = -1, cn = 1, c 2 i = -1, C12 = 1 (8.38) 

and thus (C11C22)/ (C21C12) = 1. Therefore we find that 7 must be a solution of the initial equation 
(18.231) . In other words, if we suppose that a particular solution x p (t) of the Emden equation is 
known, we can choose j(t) = x p (t). Then, according to the expression (18.351 and our previous 
choice ( 18.381 ), the corresponding function j3 turns out to be 

(3{t) = -x p (t). 

Finally, in view of conditions ( 18.341 ). we get that 

-lit) _ m y(t) 



cnl(t) w c 22 /3(i) 

and taking into account our choice (18.38b and j(t) = x p (t), we obtain the condition satisfied by 
the particular solution: 

X ; +1 (t)=x 2 p (t). (8.39) 

The system of differential equations ( 18.321 ) for such a choice (18.38b of the constants {c^ \i,j = 
1, 2} is the equation for the integrals curves for the ^-dependent vector field 

x,-m (W) I -(</+*'") I)- 

The method of the characteristics can be used to find the following first-integral for this vector 
field and, in view of ( 18.30b . we get 

I(x', v') = -^—x' n+1 + \v' 2 + x'v', n $ {-1, 1}, 

I(x',v') = logx' + \v' 2 + x'v', n=-l, 
2 

and, if we express this integral of motion in terms of the initial variables and t, we obtain a, as far 
as we know, new i-dependent constant of the motion for the initial Emden equation 

t, \ xn+1 v2 xv j r ■, i 

l(t,x,v) = —. 1 — — — rri ns -1,1k 

K ' (n+l)xZ +1 (t) 2x*(t) x p (t)x p (ty ^ ; ' 

/ \ 2 (8 - 40 ^ 

1 X \ V XV 

1{t ^ v) - log {x^f)) + 2xj(f)- ^jxwy n = 1 

So, the knowledge of a particular solution for the Emden equation enables us first to obtain a 
constant of the motion and then to reduce the initial Emden equation into a Lie system. Thus, all 
Emden equations are quasi-Lie systems with respect to the above mentioned scheme. 

8.6. Applications of particular solutions to study Emden equations. This section is devoted 
to illustrating the usefulness of the previous theory about Emden equations. More specifically, 
we detail several Emden equations for which one is able to find a particular solution satisfying an 
integrability condition and use is made of such a solution in order to derive i-dependent constants 
of the motion. In this way we recover several results appearing in the literature about Emden- 
Fowler equations from a unified point of view [42] . 
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We start with a particular case of the Lane-Emden equation 

x = -^x-x 5 . (8.41) 

The more general Lane-Emden equation is generally written as 

2 

x=--x + f(x) 

and the example here considered corresponds to f(x) = —x n , n ^ 1, which is one of the most 
interesting cases, together with that of f(x) = —e~@ x . Equation d8.4U appears in the study of 
the thermal behaviour of a spherical cloud of gas 111351 and also in astrophysical applications. A 
particular solution for (18.411 satisfying ( 18.39) is x p (t) = [2t)^ 1 / 2 . If we substitute this expres- 
sion for Xpit) and the corresponding one for x p (t) into the i-dependent constant of the motion 
( 18.401) . we get that 

J'(f, x, v) = ^LOL + 4^2 + U 2 XV 
3 

is a i-dependent constant of the motion proportional to (18.40b and also proportional to the t- 
dependent constants of the motion found in iTTl [341 11581 . 

We study from this new perspective other Emden equations investigated in [ 145 1 . Consider 
the particular instance 

5 . 2 
x = x — X . 

t + K 

A particular solution for this Emden equation satisfying (18.39b is 

4 



x p (t) = 



In this case a i-dependent constant of the motion is 

I'(t,x,v) = \x 3 {t + Kf + \v 2 {t + Kf + 2xv{t + Kf 



which is proportional to the one found by Leach in II 1451 . 
Now another Emden equation found in 111451 . 

3 



X 



2{t + K) 
admits the particular solution 

Xp{t) = vW+W 4 ' 

which satisfies ( 18.391 ). The corresponding i-dependent constant of the motion is given by 

I'(t, x, v) = (K + t) 3/2 (10(K + t)v 2 + 5vx + 2(K + t)x w ) 

which is proportional to that given in [ 145 1 . 

Let us turn now to consider the Emden equation 

5 _ ± _ x7 



3(t + K) 

which admits a particular solution of the form 

1 



x p (t) 



3V3(t + iir)i/3 ; 
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which obeys d8.39t and leads to the i-dependent constant of the motion 

I'(t, x, v) = (K + t) 5/3 (l2(K + t)v 2 + 8vx + 3x s (K + <)). 

Finally we apply our development to obtain a i-dependent constant of the motion for the 
Emden equation 



1 



if i + K 3 t 

with 

A n + 3 

We can find a particular solution of the form 

In order for x p (i) to be a particular solution we must have the following relation 

{v + l)vK 2 Kl _ vK 2 K 3 K% 



(8.42) 



{K 1 + K 3 t) v + 2 {K l + K 3 t)»+ 2 {K l + K 3 t) nv 

and thus 

v + 2 = nv and v(u + 1)K$K 2 = vK 2 K 3 - K%. 
From these equations we get 



n-V ' 2 (n + 3) 2 ' 

Under these conditions it can be easily verified that x^(t) — Xp +1 (t). Thus, a t-dependent con- 
stant of the motion is 



1% X, V) = ( Kl + KtfW/ln-l) + v\ 

\n + 1 2 J 



+ 



+ (K 1+ K 3 t) (n+3 y( n -V — , (8.43) 
n + 3 

which can also be found in [ 145 1. 

Another advantage of our method is that it allows us to obtain Emden equations admitting a 
previously fixed ^-dependent constant of the motion. 

Suppose that we want to construct an Emden equation admitting a previously chosen partic- 
ular solution, x p (t), satisfying x^(t) — x r p L+1 (t) for certain n € Z — {1, —1}. We can integrate 
this equation to get all possible particular solutions which can be used by means of our method, 
i.e. 

2 

x p (t)= (x+^^t 

We consider functions a(t) and b(t) such that 

x p = a(t)xp + b(t)Xp. 

For the sake of simplicity, we can assume that b(t) = —1. Then we get 

x v + x„ 



a(t) = 
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If we substitute the chosen particular solution in the above expression, we obtain 

3 + n 

a(t) = 



which leads to an Emden equation equivalent to ( 18.42b and the i-dependent constant of the motion 
for this equation is again ( 18.43b . In this way we recover the cases studied in this section. 

8.7. The Kummer-Liouville transformation for a general Emden-Fowler equation. As far 

as we know, the most general form of the Emden-Fowler equation considered nowadays is 

x + p(t)x + q(t)x = r(t)x n . (8.44) 

This generalisation arises naturally as a consequence of our scheme. Indeed, the above second- 
order differential equation is associated with the system of first-order differential equations 



(8.45) 



I x = v, 

\v = -p(t)v - q(t)x + r(t)x n , 
which determines the integral curves for the ^-dependent vector field 

X t = -p(t)Xi - q{i)X x + r(t)X 2 + X 3 . 

This i-dependent vector field is a generalisation of the one studied in previous sections. Under 
the set of transformations (I8.25K the initial system (I8.45l l becomes the new system 



dt \ 7 (t) y(t)J + 7 W 
~dt ' 



\l(t) lit), 

p ft)_2W_MV + £(*) (-Pit) 



<*(*) 
lit) 



d(t) 
a(t) 



+ 



+ m 



If we choose a — 7, the system reduces to 

Pit). j 



dx' 
dt 

dn/_ 
dt 



lit) ' 
= (-Pit) 



i{t) m) 



m at) q{t) at)) 



r(t) 7 n (t) ,, 

+ m 



When the function 7(f) is chosen in such a way that 7 = —q(t)^y — p(t)i, i.e. 7 is a solution of 
the associated linear equation, we obtain 



lit) ' 
= (-Pit) 



( dx[ 

dt 

dt 

Finally, if the function /3(i) is such that 

-Pit) 



7 (t) P(t)\ v , r(t) 7 w (t) 



(8.46) 



lit) Pit)) 

in) m 



pa) 



= 0, 



Lie systems: theory, generalisations, and applications 



133 



we obtain 



dx' 
dt 
dv' 
~db 



7(*) ' 

m ■ 



(8.47) 



which is related to the second-order differential equation 



6 2 x' 
dr 2 



r(t) 



n+1 



(t) 



with 



"(*) 



7 (f) 



The new form of the differential equation is called the canonical form of the generalised Emden- 
Fowler equation. 

This fact is obtained by means of an appropriate Kummer-Liouville transformation in the 
previous literature, but we obtain it here as a straightforward application of the properties of 
transformation of quasi-Lie schemes thereby underscoring the theoretical explanation of such a 
Kummer-Liouville transformation. 



8.8. Constants of the motion for sets of Emden-Fowler equations. In this section we show 
that under certain assumptions on the i-dependent coefficients a(t) and b(t) the original Emden 
equation can be reduced to a Lie system and then we can obtain a first-integral which provides 
us with a ^-dependent constant of the motion for the original system. 
In fact consider the system of first-order differential equations 



C (a® _ m\ , , m, 

dt \ 7 {t) j{t)J + 7 « 

dt/_ _ 

~~dt ~ 



a(t) a(t) 7ft) \ 
7 (t) 



This system describes all the systems of differential equations that can be obtained by means of 
the set of i-dependent transformations we got through the scheme S(WEmd, VEmd)- We recall 
that the i-dependent change of variable which we use to relate the Emden equation ( 18.24b with 
the latter system of differential equation is 

J x = j(t)x', 

\v = P{t)v' + a(t)x'. 

As in previous papers on this topic, we try to relate the latter system of differential equations to 
a Lie system determined by a i-dependent vector field of the form X'(t, x) — f(t)X(x) and we 
suppose f(t) to be non-vanishing in the interval we study. So the system of differential equations 
determining the integrals curves for this i-dependent vector field is a Lie system and we can use 
the theory of Lie systems to analyse its properties. 
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As a first example we can consider that we just use the set of transformations with j(t) = 1 
and a(t) = 0. In this case system ( 18.251 ) is 



< 

We fix f}(t) to be such that 
i.e. f3(t) is (proportional to) 
Therefore we get 



' dx' 
~dt 
dv' 
~dt 



p(t)v' 
(a(t) - 



/3(t) = exp I J a(t')dt 

exp (^J a{t')dt^j v' 
b(t) exp (- [ a(t')dt' I x 



( dx[ 
~dt 
dv' 
^ ~dt 

In order to get the last system of differential equations to describe the integral curves for a t- 
dependent vector field, X'(t, x) = f(t)X(x), for a given function a(t) a necessary and sufficient 
condition is 



b(t) exp ^-2 J a{t')dA = K, 



with K being a real constant. Under this assumption the last system becomes 

^-=exp (j a(t')dt'^v\ 

~dt ' 

We introduce the i-reparametrisation 



exp / a(t')dt' Kx 



(t) = / exp / a(t")dt" dt' 



and the latter system becomes 



which admits a first-integral 



= Kx' 



I = -v' 2 - h'- 



r ln+l 



n + 1 



In terms of the initial variables, the corresponding i-dependent constant of the motion is 



/ - exp (-2 J a(t')dA Qj) 



„n+l 



n + 1 
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which is similar to that found in lfl6l . 

Suppose that we restrict the transformations (18.25) to the case a(t) — 0. In this case the 
system of first-order differential equations (18.26) becomes 

^ = _7(<)_/ , /?(*).., 
dt 



, -x H — v , 

j(t) 7 (t) 



(h/_ 
~dt 



a(t) 



Pit)], , Kth n (t), n 



In order for this system of differential equations to determine the integral curves for a i-dependent 
vector field of the form X'(t, x) = f(t)X(x) we need that 



llf{) = ~wr 



c 12 /(t) = Wy 



c 2 J(t) = a(t)- Wy C22 /(t) = _^ r . 

From these relations, or more exactly from those of the first row, we get f(t) as 

1 7 (t) 1 (3(t) 



fit) 



and therefore 



en j(t) c 12 7(t) 



7 (f) = ~^P(t). 

Cl2 



We choose c\\ — —1 and c\2 — 1 so that 

= 7 (t). 

In view of this and using the third and second relations from (18.481 1 we get 

ci2 7 (i) ~ [ ) m 

and thus, as a consequence of (18.49b , the last differential equation becomes 

C21 i(t) = a(t) _ 
ci2 7(*) 7(*) 
and, as C12 = 1 and fixing C21 = 1, we obtain 



^log(7 7 ) = a(t), 



which can be rewritten as 
Hence we have 

and in view of ( 18.491 ) 



1 d 
Ydt 



Y(t) = exp / a(t')dt 



7(*) 



\ 



exp 



a(t")dt" dt' 



^2 f exp (/*' a(f")di' 



exp / a(f )d£ 



(8.48) 



(8.49) 
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So far we have only used three of the four relations we found. The fourth and second relations 
lead to the integrability condition: there exist a constant C22 = K such that 

B(t) b(t)j n (t) 

i{t) m • 

Therefore, using the above expressions for 7(t) and (3(f), we get 

b{t)exp(^-2 J a(t)dt'J (2 J exp f ^ a(t")dt"JJ = K. (8.50) 

So under this assumption we have connected the initial Emden equation with the Lie system, 

£ = /«)(-'+»')■ 

^ = /(!)(«' + Kx"), 
and then the method of characteristics shows that it admits the first-integral 

I' = -- v ' 2 + ^—x' n+1 + v'x'. 
2 n+1 

In terms of the initial variables the corresponding constant of the motion is 

d \ ft / h' \ 



2 n+1 



exp -2 / a(t')dt' / exp / a(l/')dt" dt' 



ixiexp^y a{t')dt'^j (8.51) 



2 

and in this way we recover the result found in [ 1 6 1 . If we now consider the particular case n 
we get that the integrability condition ( 18.501 1 implies that there is a constant K such that 



b(t) exp (-2 J a(t)dt'^j = K, 



and the corresponding t-dependent constant of the motion is then given by 

I ± 2 + M x -2^ exp J' a{t')dt^j ^exp ^ J* a(t")dt"^J dt' 

-5— '(-/^ 

which is equivalent to that one found in lfl6l . 

8.9. A r-dependent superposition rule for Abel equations. Let us now turn to illustrate the 
results of our theory of Lie families by deriving a common ^-dependent superposition rule for a 
Lie family of Abel equations, whose elements do not admit a standard superposition rule except 
for a few particular instances. In this way, we single out that our theory provides new tools 
for investigating solutions of nonautonomous systems of differential equations than cannot be 
investigated by means of the theory of Lie systems. 
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With this aim, we analyse the so-called Abel equations of the first-type l24l [74], i.e. the 
differential equations of the form 

^ = a (t) + ai (t)x + a 2 {t)x 2 + a 3 (t)x 3 , (8.52) 
at 

with a 3 (t) 7^ 0. Abel equations appear in the analysis of several cosmological models IT731I111I 
[1481 and other different fields in Physics ||70] EU ED] |92] E3 E40). Additionally, the study of 
integrability conditions for Abel equations is a research topic of current interest in Mathematics 
and multiple studies have been carried out in order to analyse the properties of the solutions of 
these equations ll5l l69l l74l 1751 12151 . 

Note that, apart from its inherent mathematical interest, the knowledge of particular solutions 
of Abel equations allows us to study the properties of those physical systems that such equations 
describe. Thus, the expressions enabling us to easily obtain new solutions of Abel equations by 
means of several particular ones, like common i-dependent superposition rules, are interesting to 
study the solutions of these equations and, therefore, their related physical systems. 

Unfortunately, all the expressions describing the general solution of Abel equations presently 
known can only be applied to study autonomous instances and, moreover, they depend on families 
of particular conditions satisfying certain extra conditions, see [ 75 , 2 1 5 1 . Taking this into account, 
common i-dependent superposition rules represent an improvement with respect to these previous 
expressions, as they enable us to treat nonautonomous Abel equations and they do not require the 
usage of particular solutions obeying additional conditions. 

Recall that, according to Theorem |7.19l the existence of a common i-dependent superposition 
rule for a family of i-dependent vector fields {Yd}deh requires the existence of a system of 
generators, i.e. a certain set of t-dependent vector fields, X\, . . . , X r , satisfying relations (17.14b . 
Conversely, given such a set, the family of i-dependent vector fields Y whose autonomisations 
can be written in the form 

r r 

Y c (t,x) =Y / b cj (t)X i (t,x) 1 £ b cj (t) = 1, 
3=1 j=i 
admits a common i-dependent superposition rule and becomes a Lie family. 

Consequently, a Lie family of Abel equations can be determined, for instance, by finding two 
i-dependent vector fields of the form 



Xi(t,x) = {K(t) + b 1 (t)x + b 2 (t)x 2 + b 3 {t)x 3 )-^-, 

X 2 (t,x) = (b' (t) + b[(t)x + b' 2 {t)x 2 + b' 3 (t)x 3 )^-, b' 3 (t) ? 0, 



(8.53) 



such that 

[X 1 ,X 2 ] = 2(X 2 -X 1 ). (8.54) 

Let us analyse the existence of such two i-dependent vector fields X\ and X 2 with commu- 
tation relations (18.54b . In coordinates, the Lie bracket [Xi, X%] reads 

{(b' 3 b 2 ~ b' 2 b 3 )x 4 + {2{b' 3 b x - b 3 b[) - b 3 + b' 3 )x 3 + (-3(b' b 3 - b b' 3 ) + (b' 2 h - b 2 b[) 

d 

-b 2 + b' 2 )x 2 + (-2b' b 2 + 2b b' 2 - b x + b[)x - b' h + b b[ -b + b' ]—. 
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Hence, in order to satisfy condition (18.54b . 6362 — b' 2 ba = 0, e.g. we may fix b 2 = b 3 = 0. 
Additionally, for the sake of simplicity, we assume b' 3 = 1. In this case, the previous expression 
takes the form 

d 

[2bix 3 + (3&o + b' 2 b x + b' 2 )x 2 + (2&0&2 - b x + b' x )x - b' bi + Mi - b a + &(,] — , 
and, taking into account the values chosen for 62, b 3 and b' 3 , assumption ( 18.54b yields b\ = 1 and 

62 = 3b + b' 2 , 

2(b' 1 -l) = 2b Q b' 2 + b , 1 , 

2(b' - b ) = -b' + b b[ - b Q + b' . 

As this system has more variables than equations, we can try to fix some values of the variables 
in order to simplify it and obtain a particular solution. In this way, taking bo (t) = t, the above 
system reads 

' b' 2 = b' 2 - 3i, 
b\ = 2(&i - 1) - 2tb' 2 , 
b' = 2(b' -t) + b{ ) -tb' 1 + l. 
This system is integrable by quadratures and one can check that it admits the particular solution 

6 2 (t) = 3(l+t), &i(t) =3(l + t) 2 + l, b' (t) = (1 + tf +t. 
Summing up, we have proved that the i-dependent vector fields 

^ X 2 (t, x) = ((1 + t) 3 + t + (3(1 + tf + l)x + 3(1 + t)x 2 + x 3 
satisfy ( 18.54b and, therefore, the family of i-dependent vector fields 

Y m (t, x) = (l- 6(t))Xi(a;) + b(t)X 2 (x) 
is a Lie family. The corresponding family of Abel equations is 

^ = (t + x)+b{t){l+t + x) 3 . (8.56) 

According to the results proved in Section 11.51 in order to determine a common i-dependent 
superposition rule for the above Lie family, we have to determine a first-integral for the vector 
fields of the distribution T> spanned by the i-prolongations X\ and X 2 on R x R™( m+1 ) for a 
certain m so that the i-prolongations of X\ and X 2 to R x R nm are linearly independent at 
a generic point. Taking into account expressions (18.55b , the prolongations of the vector fields 
X\ and X 2 to R x R 2 are linearly independent at a generic point and, in view of (18.541 ). the 
^-prolongations X\ and X 2 to R x R 3 span an involutive generalised distribution T> with two- 
dimensional leaves in a dense subset of R x R 3 . Finally, a first-integral for the vector fields in 
the distribution T> will provide us a common i-dependent superposition rule for the Lie family 
(18361 

Since, in view of ( 18.54b . the vector fields X\ and X 2 span the distribution V, a function 
G : R x R 2 — > R is a first-integral of the vector fields of the distribution T> if and only if G is a 
first-integral of X x and X x - X 2 , i.e. X Y G = (X 2 - X X )G = 0. 



d_ 

dx ' 



(8.55) 
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The condition X\G = reads 

dG , . dG . . dG 

and, using the method of characteristics Q129I , we note that the curves on which G is constant, 
the so-called characteristics, are solutions of the system 

dxQ dxi dxi 

at = = =>■ — — = t + Xi, i = 0,1, 

t + xq t + x\ at 

which read Xi(t) = ^e* — t — 1, with i = 0, 1 and £o, £i € Furthermore, these solutions are 
determined by the implicit equations £o = e _t (xrj + i+ 1) and £i = e~ l {x\ +t + l). Therefore, 
there exists a function G2 ■ R 2 — > R such that G(f , xn, £1) = ^2(^01 In other words, each 
first-integral G of depends only on £0 and £1 . 

Taking into account the previous fact, we look for simultaneous first-integrals of the vector 
field X2 — X\ and X\, that is, for solutions of the equation (X% — X\)G = with G depending 
on £0 an d £i- Using the expression of X2 — X\ in the system of coordinates {t, £q, £1}, we get 
that 

and, applying again the method of characteristics, we obtain that there exists a function G3 : R — > 
R such that G(t,x ,xi) = G 2 (£n,£i) = G 3 (A), where A = e 2t ((x +<+l)- 2 -(xi+<+l)- 2 ). 
Finally, using this first-integral, we get that the common f-dependent superposition rule for the 
Lie family (18.561 ) reads 

k = e 2t ((x + t + I)- 2 -{ Xl +t+ I)" 2 ), 

with k being a real constant. Therefore, given any particular solution x% (t) of a particular instance 
of the family of first-order Abel equations (18.58) , the general solution, x(t), of this instance is 

x(t) = (( Xl (t) + t + I)- 2 + ke~ 2t )~ 1/2 -t-l. 

Note that our previous procedure can be straightforwardly generalised to derive common t- 
dependent superposition rules for generalised Abel equations [ 166 1, i.e. the differential equations 
of the form 

— = a (t) + ai(t)x + a 2 (t)x 2 + . . . + a n (t)x n , n>3. 

Actually, their study can be approached by analysing the existence of two vector fields of the 
form 

Yi(t,x) = (b {t) + b 1 (t)x+ ... + b n {t)x n )-^, 

Y 2 (t, x) = (b' Q (t) + b[(t)x + ... + b' n (t)x n )^-, b' n (t) ± 0, 

obeying the relation [Yi , Y<i\ = 2 (Y2 — Y\ ) and following a procedure similar to the one developed 
above. 



8.10. Lie families and second-order differential equations. Common t-dependent superposi- 
tion rules describe solutions of nonautonomous systems of first-order differential equations. Nev- 
ertheless, we shall now illustrate how this new kind of superposition rules can also be applied to 
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analyse families of second-order differential equations. More specifically, we shall derive a com- 
mon t-dependent superposition rule in order to express the general solution of any instance of a 
family of Milne-Pinney equations Il30ll75l [1951 1961 in terms of each generic pair of particular 
solutions, two constants, and the variable t, i.e. the time. In this way, we provide a generaliza- 
tion to the setting of dissipative Milne-Pinney equations of the expression previously derived to 
analyse the solutions of Milne-Pinney equations in B4l . 

Consider the family of dissipative Milne-Pinney equations |89, 195, 196, 217 1 of the form 

x = -Fx + uJ 2 x + e- 2F x- 3 , (8.57) 

with a fixed i-dependent function F = F(t), and parametrised by an arbitrary i-dependent func- 
tion ui = cu(t). The physical motivation for the study of dissipative Milne-Pinney equations 
comes from its appearance in dissipative quantum mechanics |31 |113|[171II213L where, for in- 
stance, their solutions are used to obtain Gaussian solutions of non-conservative i-dependent 
quantum oscillators [ 171 1. Moreover, the mathematical properties of the solutions of dissipative 
Milne-Pinney equations have been studied by several authors from different points of view as 
well as for different purposes fl34] |44] 03] |83] II 101 11951 11961 12301 . As relevant instances, con- 
sider the works ll45lll95 1 which outline the state-of-the-art of the investigation of dissipative and 
non-dissipative Milne-Pinney equations. One of the main achievements on this topic (see 1 195 
Corollary 5]) is concerned with an expression describing the general solution of a particular class 
of these equations in terms of a pair of generic particular solutions of a second-order linear dif- 
ferential equations and two constants. Recently, the theory of quasi-Lie schemes and the theory 
of Lie systems has enabled us to recover this latter result and other new ones from a geometric 
point of view lT34ll52ll . 

Note that introducing a new variable v = x, we transform the family (I8.57l i of second-order 
differential equations into a family of first-order ones 

x = v, 

v = -Fv + uj z x + e zt x~ i , 

whose dynamics is described by the family of i-dependent vector fields on TM parametrised by 
oj of the form 

F w = {-Fv + e- 2F x- 3 + u 2 x^j ^+v-^, u E A = C°°(t). 

Let us show that the above family is a Lie family whose common superposition rule can be used 
to analyse the solutions of the family ( 18.57l >. 

In view of Theorem 17. 191 if the family of systems related to the above family of i-dependent 
vector fields is a Lie family, that is, it admits a common i-dependent superposition rule in terms of 
m particular solutions, then the family of vector fields on R x R"( m +!) given by Lie^W) 
spans an involutive generalised distribution with leaves of rank r < n • m + 1. 

Note that the distribution spanned by all is generated by the vector fields Y\ and Yz, with 

Y t = (-Fv + e- 2F x- 3 +x]-^-+ v^-, Y 2 = (-Fv + e- 2F x- 3 ) + v-^-, 
\ J ov ox V / ov ox 

since Y u = (1 — w 2 )Y2 + io 2 Y\. The prolongation [Yi, Y%\ is not spanned by Y\ and Y^ and, so 



Lie systems: theory, generalisations, and applications 



141 



we have to include the prolongation Y 3 A = [Yi , Y 2 ] to the picture, where 

d ■ d 

Y 3 = X --( V + X F)-. 

In the case m — 0, the distribution spanned by the vector fields, Y 1: Y 2 , Y 3 A , does not admit a 
non-trivial first-integral. In the case m > 0, the vector fields, Yi, Y 2 , Y 3 A , do not span the linear 
space Lie({Y^} u6 A) and we need to add a new prolongation Y 4 A = [Yi, [Yi , Y2]] to the previous 
set, with 

Y 4 = (2v + xF)— + (2e~ 2F x~ 3 -2x- F(v + xF) - xF)- 



dx 



dv 



The vector fields, Y\,Y 2 , Y 3 , Y± , satisfy the commutation relations 





- Y A 






?i,Y 3 A ~ 


— v A 






"?!,Y A 


= (4 + F 2 + 2F)Y 3 A - (FF + 


F)(Yi - 


Y 2 




= 2(y 1 -y 2 ) + r 4 A , 






\y*~ 


= (2 + F 2 + 2F)Y A - (FF + 


fWi ~ 


% 


Y 3 A ,Y£ 


] = -2Y A -2(Y 1 -Y 2 )(4 + F 2 


+ 2F). 





Consequently, the vector fields Y\, Y 2 , Y 3 A , Y 4 A span the linear space Lie({Y w } wG A)- Adding Y\ 
to each prolongation of the previous set, that is, by considering the vector fields X\ =Y\, X 2 = 
Y 2 , X 3 — Yi + Y 3 A , and X4 = Yi + Y 4 A , we get the family of t-prolongations, Xi,X 2l X 3 , X±, 
which spans the vector fields of the family Lie({Y w } we A)- The commutation relations among 
them read 



Xi, x 2 

Xi,X 3 

Xi,X A 

x 2 ,x 3 

X 2 ,X4 

x 3 , X4 



{FF + F)X 2 + (4 + F 2 + 2F)X 3 



(FF + F)X 2 + 
-F + FF + 2F' 



(1 



F 2 



2F)X 3 



X3 — X\ , 
X4, — X\ , 

— (FF + F + 4 + F 2 + 2F)X 1 
2X\ — 2X 2 — X 3 + X4, 
-(1 + F 2 + 2F + FF + F)X 1 
-3X 4 + (4 + F 2 + 2F)X 3 + (8 
+ (-9 - 3F 2 -6F-FF - F)X X . 

As a consequence of Lemma 17.171 we get that the vector fields X\, X 2 X 3 and X4 satisfy the 
same commutation relations as the vector fields X\, X 2 , X 3 , X4. Hence, in view of Theorem 
17.191 the family ( 18.581 ) is a Lie family and the knowledge of non-trivial first-integrals of the vector 
fields of the distribution T> spanned by X\, X 2 , X 3 , X4 provides us with a common i-dependent 
superposition rule. 

Let us now turn to determine the aforementioned common i-dependent superposition rule. 



4F)X 2 
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As the vector fields X\, X\ — X 2 and their successive Lie brackets span the whole distribution 
V, a function G:Rx TR 3 -» R is a first-integral for the vector fields of such a distribution if 
and only if it is a first-integral for the vector fields X\ and X 2 — X\. Therefore, we can reduce 
the problem of finding first-integrals for the vector fields of the distribution V to finding common 
first-integrals G for the vector fields Xi and X\ — X 2 . 

Let us analyse the implications of G being a first-integral of the vector field 

2 B 

The characteristics of the above vector field are the solutions of the system 

dx 2 = 0, dt = 0, 



dv dvi dv 2 

= = , dxo — 0, dxi = 0, 

X Xi X 2 



that is, the solutions are curves in R x TR 3 of the form s M> (t, x , x\, x 2 , v (s), v\ (s), v 2 (s)), 
with ^02 = x v 2 (s) — x 2 v (s) and £12 = xiv 2 (s) — x 2 vi(s) for two real constants £02 and £i 2 . 
Thus, there exists a function G 2 : R 6 — > R such that G(p) = G 2 (t,x ,xi,x 2 ,^ 02 ,£ : i 2 ), with 
p e R x TR 3 , £02 = x v 2 — x 2 v , and £ i2 = xiv 2 — v\x 2 . In other words, G is a function of 

t,x ih x Xl x 2 Xm,i\2- 

The function G also satisfies the condition X\G = which, in terms of the coordinate system 

{t, x , X!,x 2 ,£ 02 £ 12 ,v 2 }, reads 



^ r , dG (x v 2 - C02) dG (x lV2 - g 12 ) dG dG 

x iG = — H 1 h v 2 - 

at x 2 0x0 x 2 ax\ ox 2 



F£ 12 + e 

That is, defining the vector fields 

d 





dG 


\xf x%\)_ 


dtii 2 



F&2 + e 



^ 1 = di 



x 2 dx\ 



62 d 
x 2 dx 



+ 



02 



2F X2 
' *8 



"2 



Xq d 
x 2 dx 



x\ d d 
x 2 dx\ dx 2 ' 



-^12 - 

d 
^02' 



fx* 




Wo 


A). 



dG 



0. 



02 



-2F I X % 



Xl 



the condition X\G = implies that "E\G 2 + v 2 ^ 2 G 2 = and, as G 2 does not depend on v 2 , the 
function G must simultaneously be a first-integral for Si and S 2 , i.e. HiG = and E 2 G = 0. 

Applying the method of characteristics to the vector field S 2 , we get that F can just depend 
on the variables t, £o2,£i2, A 02 = x /x 2 and Ai 2 = x\jx 2 . In other words, there exists a 

function G 3 : R 5 -> R such that G(t, xq, x\, x 2 , vo, v\, v 2 ) = G 2 (t, x , xi, x 2 , £02, 62) = 

G$(t, £o2, £l2, A 02 , A12). 

We are left to check the implications of the equation E\G = 0. With the aid of the coordinate 
system {t, £02, £12, A 02 , Ai 2 , v 2 , x 2 }, the previous equation can be cast into the form E\G = 
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4TiG 3 + T 2 G 3 = 0, where 



8A* 



d 



-2F 



8 



a; 



at' 



As G3 only depends on the variables, t, A02, A12, £12, £02, we have that T\G — and T2G = 0. 
Repeating mutatis mutandis the previous procedures in order to determine the implications of 
being a first-integral of Ti and T2, we finally get that the first-integrals of the distribution T> are 
functions of I\ , 1% and I, with 



' (x Vi - XiVoY 



1,2, 



and 



I = e 2F (xiv 2 - x 2 vi) 2 
Defining v 2 — e F v 2l v-y = e F v\ and vq = e F vo, the above first-integrals read 

h = (x Vi - XiV ) 2 - 

and 



1,2, 



I = {x\v 2 - x 2 V\f 



Note that these first-integrals have the same form as the ones considered in ll52l for k = 1, 
Therefore, we can apply the procedure done there to obtain that 



x = dhxl+k 2 xl + 2^\ 12 [-(xj +xf) + Ixlxl\, (8.59) 
with A12 being a function of the form 

fcifc 2 J+ (-l + fcg + fc|) 

Ai2(fcl,fc 2 ,/) = _ , 

and where the constants k\ and /c2 satisfy special conditions in order to ensure that x$ is real [44 1 . 

Expression (18.59b permits us to determine the general solution, x(t), of any instance of family 
( 18.571 ) in the form 



x(t) = ^k 1 x 2 1 (t) + k 2 xl(t)+2^X 12 [-(xi(t)+xi(t))+Ix 2 1 (t)x 2 (t)}, 



(8.60) 



with 



I : 



z 2F ^{x 1 {t)x 2 {t)-x 2 {t)x l {t)f 



Xl(t) 

x 2 (t) 



x 2 (t) 

(t) 



in terms of two of its particular solutions, x\{t\ x 2 (t), its derivatives, the constants k\ and k 2 , 
and the variable t (included in the constant of the motion /). 

Note that the role of the constant / in expression (18.60b differs from the roles played by k\ 
and k 2 . Indeed, the value of / is fixed by the particular solutions x\(t), x 2 (t) and its derivatives, 
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while, for every pair of generic solutions x\{t) and X2(t), the values of k\ and range within 
certain intervals ensuring that x(t) is real. 

It is clear that the method illustrated here can also be applied to analyse solutions of any 
other family of second-order differential equations related to a Lie family by introducing the new 
variable v = x. Additionally, it is worth noting that in the case F(t) =0 the family of dissipative 
Milne-Pinney equations ( 18.57b reduces to a family of Milne-Pinney equations broadly appearing 
in the literature (see [ 147] and references therein), and the expression (18.60b takes the form of the 
expression obtained in [44 1 for these equations. 

9. Conclusions and outlook 

Apart from providing a quite self-contained introduction to the theory of Lie systems, this essay 
describes most of the results concerning this theory and its generalisations developed by the 
authors and other collaborators along very recent years. In this way, our work presents a state- 
of-art of the subject and establishes the foundations for our present research activity. Let us here 
discuss some of the topics which we aim to analyse in a close future and their relations to the 
contents of this essay. 

The theory of superposition rules for second- and higher-order differential equations has just 
been initiated [48 , 49 52 77 202 , 225 1 and many questions about this topic must still be clarified. 
As an example, we can point out that there exist several approaches to study systems of second- 
order differential equations by means of the theory of Lie systems nowadays. For instance, one 
can use the SODE Lie system notion [52], which allows us to study a particular type of systems 
of second-order differential equations. In addition, if a second-order differential equation admits 
a regular Lagrangian, the corresponding Hamiltonian formulation can lead to a system of first- 
order differential equations which can also be a Lie system [54|. Analysing the relations between 
the results obtained through both approaches is still an open problem. 

As a consequence of the above considerations, it became interesting to study a class of Lie 
systems describing the Hamilton equations of a certain type of i-dependent Hamiltonians. These 
systems are defined in a symplectic manifold and this structure provides us with new tools for 
investigating such Lie systems. In addition, these tools can be employed to study the integrability 
and super-integrability of these particular Lie systems. Our aim is to analyse such relations in 
depth in the future. 

After analysing the Lie systems defined in symplectic manifolds, a natural question arises: 
What are the properties of those Lie systems describing the solutions of a system in a Poisson 
manifold (7Y, {•,•}) of the form 

dX r , , 

— = {x,h t \, xeN, 

where, for every t G R, the function h t : N — > R belongs to a finite-dimensional Lie algebra of 
functions (with respect to the Poisson bracket). This challenging question has led to the analysis 
of the properties of such Lie systems by means of the Poisson structure of the manifold, what 
represents an interesting topic of research. 

In lfl2l[T3ll Winternitz et al. proposed, for the first time, a new type of superposition rules, the 
referred to as super-superposition rules, that describe the general solution of a particular family 
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of systems of first-order differential equations in supermanifolds. These articles gave rise to many 
interesting unanswered questions. Although it seems that the geometric theory developed in [38 1 
could easily be generalised to describe the properties of super-superposition rules, multiple non- 
trivial technical problems arise. We hope to solve such problems in the future and to develop a 
geometric theory of Lie systems in graded manifolds. 

In ll38l Remark 5], it was proposed to accomplish the study of Backlund transformations 
through a slight modification of the methods carried out to analyse superposition rules geometri- 
cally, i.e., by means of a certain type of flat connection. This topic deserves a further analysis in 
order to determine more exactly its relevance and applications. 

Since their first appearance in [34], quasi-Lie schemes have been employed to investigate 
multiple systems of differential equations: nonlinear oscillators [34|, Mathews-Lakshmanan os- 
cillators l34l . Emden equations [42 1, Abel equations |56|, dissipative Milne-Pinney equations 
[45 1, etc. There are still many other applications to be performed, e.g. we expect to apply this 
theory to study Abel equations in depth. In addition, it would be interesting to continue the anal- 
ysis of the theory of quasi-Lie schemes and, for instance, to develop new generalisations of this 
theory. Indeed, we are already investigating a generalisation for the analysis of certain quantum 
systems, e.g. the quantum Calogero-Moser system. In addition, it would be interesting to study 
the generalisations of this theory to analyse stochastic Lie-Scheffers systems [ 144 1 or Control Lie 
systems 1791 . 

As we pointed out at the beginning of this essay, being a Lie system is rather more an excep- 
tion than a rule. In addition, just a few, but relevant, Lie systems are known to have applications 
in Physics, Mathematics and other branches of science. Consequently, one of our main purposes 
remains to find new instances of Lie systems with remarkable applications. It seems to us that 
there still exist multiple applications of Lie systems and, in the future, we aim to determine some 
of them. 

To finish, we hope to have succeeded in showing that the theory of Lie systems, after more 
than a century of existence, is still an active and interesting field of research. 
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